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(b) to this particular set of lectures, due to the RRC s policy of nonitoring
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we cannot mark your scripts;
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In short, you nmake it inpossible for us to TEACH you ..... sonet hi ng MORE THAN
the mere issue of notes!

If you are not enrolled as an RRC Group student, don’t jeopardi se your chances
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ECONO4I CS AND THE

TOOLS YOU NEED

This set of |ectures contains an introductory overview of the subject

together with a revision of the basic "tools" you will need to make
your study of Econonics so nmuch easier. It conprises:-

LECTURE | : Economics in Perspective.

A WORD BETWEEN LECTURES

LECTURE

2 : Fractions.
LECTURE 3 : Averages; Ratio and Proportion; Percentages.
LECTURE 4 I ntroduction to Al gebra.
LECTURE 5 : Brackefs.
LECTURE 6 : Fornul ae. .
LECTURE 7 Di rected Nunbers.
LECTURE 8 Equat i ons.

9

9

LECTURE Si npl e Graphs.
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APPROACH TO THE SUBJECT

Because Econonics is probably an entirely new subject to you,
| should like, right at the outset, to have a few words with
you on your approach to the subject.

In sone respects Economics resenbles Law, just as in the

| atter subject you have to do two things --- (l) nenorise
the principles of Statute and Conmon Law, and (2) |earn how
to apply these principles to cases taken fromeveryday life
--- so in Econonmics you nmust (1) nenorise the Economc | aws
or principles which have been enunci ated by the past masters
of the subject, and (2) learn how to agely these Brincigles
to cases taken fromeveryday life

To assist you in devel oping this necessary power of

applying principles to practice, a nunber of problem questions
have been included at the end of each |l ecture. You should
first attenpt these questions yourself and then conpare them
with the answers given. The concl usi ons you have drawn nay be
different fromthose given in the nodel; that does not matter.
The essential point is: is your reasoning Logical? Simlarly,
your "judgment" on a case given in the exam nation paper may
be different fromthat which would be given by the exam ner
Never mind! |f you have supported your judgnment by sound
reasoni ng, the exam ner should give you good marks for your
answer. But be careful not to over-enphasi se your persona

opi nions. The primary object of the examiner is to see

whet her you have studi ed Econonmics as a subject, and he wll
not be assisted in this object if you swanp your |earning
with your own views on a particular point.

VWHAT | S ECONOM CS?

There is no absolute certainty about the subject we are
going to study. This is not surprising, really, because

opi nions on the neaning and scope of econom cs have tended
to change as the science has devel oped.
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For all practical purposes, it is sufficient to note that
Econom cs began to be formulated as a subject in the
Seventeenth Century; but no outstanding attenpt was nade

to define the scope of the subject until Alfred Marshal
wote his "Principles of Econom cs". Before the publication
of this book in 1890, the subject we are di scussing had

al ways been called "Political Economy".

Marshal | s definition:

Marshal | ’s definition of the subject was,

"Economics is the study of man’s actions in the

ordinary business of life; it enquires how he gets

his incone and how he uses it. Thus it is on the

one side a study of wealth and on the other and

nore inmportant side, a part of the study of nman".

In other words, Marshall considered that Econom cs was an
anal ysis of how man acquires his earnings and how he

di sposes of them

The Modern definition:

The basi c substance of Marshall’s definition is stil
accepted, but nore nodern econom sts have introduced
refinements into it. Whereas Marshall resorted to noney
costs, on the grounds that there was no suitable way of
expressing real costs, nodern econom sts have devised a

met hod of describing real costs in terms of sacrificed
alternatives. (Sonetimes referred to as the concept

of oegortunitx-cost.) Mney spent on a fur coat cannot be
spent on entertainnment as well. Simlarly, tine spent in
wor ki ng overtime cannot be spent in leisure; the nore a man
i ndul ges in one of these alternatives, the | ess he can

i ndul ge in the other

Man’s wants are linmtless; when he has satisfied all his
materi al wants, he devel ops cultural desires, such as poetry,
nusi ¢ and literature. The neans available to satisfy his
wants are limted, however, so that man is faced with
alternative uses of available resources. Fromthis fact the
nodeln definition of Economics is derived; in the words of
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Pr of essor Robbi ns, "Economics is concerned with the

econom sing of scarce neans in the attaining of given ends".
The i nportance of scarcity nust be remenbered. Fromthe
poi nt of view of Econom cs, anxthing that conmands a Bri ce,
however low, is scarce. Pa nment of a rice indicates readiness
to make an effort or a sacrificeZ and this instantlx gives
rise to econonic considerations. Mreover, the absence of a
recogni sed price for a cormmodity does not nean that that
commodi ty cannot be ranked as on econom ¢ good. Thus,

wat er may be an econom ¢ good even though a man has been

in the practice of drawing his supplies froma nearby
stream to fetch the water hinself involves the use of tine
whi ch coul d have been spent in other ways, and if another
person is enployed to fetch the water for him this other
person woul d have to be paid for his service, while if a
punping plant is installed, its construction would involve
the outlay of capital which could have been used for sonething
el se.

Pr of essor _M:Connel | defines econom cs as:

"The social science concerned with the probl em of

using or adm nistering scarce resources (the neans of
produci ng) so as to attain the greatest or maxi num
fulfilment of society’s unlinmted wants (goal s of
produci ng) . "

Therefore to summari se:

VWhat ever the definition of econonics presented, whether

by socialists or capitalists or those in between, it usually
contains the foll owi ng conponents: -

1. Fixed Resources,

2. for which there are unlimted uses;

3. A value system exists based on prices and markets or
gover nent decr ee;

4. Such resources need allocating;
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5. Goods and services nmust be eroduced, distributed

and exchanged and nost inportantly, an econom st

wor ki ng under any system woul d ask;

6. How efficiently are these things being done?

What do we get out conpared with what we put in:

as a percent indicating Broductivitx.

C. ECONOM CS AS A SOCI AL SCI ENCE

Economi cs is one of the social sciences that studies man
inrelation to his econom c environment and its forces.
Just as Ethics which deals with nan’s conduct, Psychol ogy
which deals with his nental experiences, Law which deals
with his rights and duties, are all social sciences, so
Economics is a social science concerned with man’s materia
wel fare and with his conduct in securing it.

out put

i nput

None of these divisions of the social sciences is quite
distinct, for every science is related to other departnents
of know edge and all affect man in the ordi nary busi ness of
life. Each has to trespass to some extent on the preserves
of the others, and this is particularly true of Economcs.
The effect of economc forces is being continually controlled

and nodified by social forces --- the custons and | aws of
society and its ethical and noral standards.
Frequently, during the course of these |lectures, | shal

have occasion to enunci ate and expl ain what are known as
econom ¢ | aws, which are statenents of principles underlying
man’ s conduct in the ordinary business of |life. At the very
outset, however, | want you to realise that npost of these
laws are merely statements of tendencies that, given certain
conditions, will be followed by certain results.

Economi c theory is not an exact science |ike Mathemati cs.
Because we have to apply the theory to solve real life
probl ens and devel op workabl e solutions it is difficult to
be exact. W are dealing with human bei ngs, not test-tubes
as in laboratory experinents.
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Many econom c | aws have a strictly limted application,
and are liable to be considerably nodified by disturbing
influences. Fromthis it does not follow, of course,
that such economic |aws are basically untrue or w thout
practical value. They are useful statenments of genera
tendenci es, and serve as a starting point for further

i nvestigation.

For exanple on page 15 of "Positive Econom cs" Professor
R Lipsey outlines in diagrammatic formthe nethod used by
econoni c theorists as follows:

DEFI NI TI ONS

AND

HYPOTHESES ABOUT BEHAVI CUR

(often call ed assunpti ons)

process of

| ogi cal deduction

PREDI CTI ONS

(often called inplications)

CONCLUSI ON

that the theory is either

REFUTED BY

or

CONSI STENT

W TH THE FACTS
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D. THE SCOPE OF ECONOM CS

The econonics principles and | aws that we shall study are
those put forward by econom sts who have anal ysed the

i nfluences and results of tendencies which operate in
everyday life

For exanple, the product of the land varies fromyear to
year; farmers have | ean seasons and prosperous seasons.
He read of farmers conplaining that when their crops are
good, prices are so low that the crops are not worth
harvesti ng. Economic principles and theories set out to
expl ain why these things should be; why the price system
functions as it does.

We have al ready seen that Economics is concerned with man’s
materi al exi stence. Al of us have needs which nust be
satisfied if existence is to continue. |In advanced
conmunities these prinmary needs can be net with greater
ease. By co-operating with his fell owenen and by using
techni cal equiprment to aid himin his |abour, man has
succeeded in producing nmore than sufficient to satisfy his
mere ani mal needs. But his wants have beconme many and
varied and a highly involved system has gradually been
built up to supply himw th these, in the face, always,

of limted resources. This is the scope of Economics ---
to consider how man’s wants are satisfied.

We can build three nodels to illustrate the role of
different sectors in the satisfaction of man’s wants. The
first two diagrans are from Heil bronner and Thurrow s
"The Economi c Probl em'.
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The Two Sector Model

HOUSEHCOLDS

MONEY SERVI CES OF

PAYMENT LABOUR, LAND,

FOR GOODS AND CAPI TAL

AND SERVI CES PRODUCED BY

HOUSEHCOLDS

GOODS AND MONEY

SERVI CES PAYMENT

PRODUCED FOR LABQOUR,

BY BUSI NESS LAND AND

| CAPI TAL

BUSI NESSES

The basic market nmechanismw th only two sectors
illustrated : househol ds and busi nesses.
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Thl vce Sect or Modol

i.c. with governnent included.

The Four-scctor Mdel includes househol ds,
government and trade. It illustr

and services created by resource

busi nesses,

ates the flows of goods

5 and paid for by nopney.
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SAVI NGS (-)

| NVESTMENT ()

Savings are treated as a | eakage from and

i nvestnments treated as an injection to, the flow

E. THE ECONOM C PROBLEM

l.

TYPES OF ECONOM C SYSTEMS:

Largely through geographical factors, man has tended to-
beconme grouped into great comunities, politically
described as notions. By virtue of their independent
devel opnent, the econonic systens in these various
conmunities often differ in a nunmber of respects.
Different comunities tackle in different ways the
econom ¢ probl em of adapting the avail abl e resources,
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both human and material, to neet the wants of the

peopl e who make Up the community. The two extrenes

are central Blanning and | ai sseZefaire, (non-interference)
sonetines referred to as state control and private
enterprise, or as socialismand capitalism Between
themlies a mixed system which npst West- European
econom es have beconme since the last Wrld War.

(a)

Central El anni ng:

This is also known as the command economny. All decisions
are taken by a central planning authority. The deci si on-
maki ng process noves fromcentral planning boards to
enterprises that are either state-owned or regul ated.
Consumer sovereignty largely gives way to the collective
preferences of the central planners. Decisions are taken
on the follow ng: -

(i) production targets

(ii) allocation of resources

(iii) distribution of income

(iv) desired rate of grow h.

The state owns the neans of production and nost property.
It also determ nes the inconmes for various |evels of

| abour.

It cannot operate succesfully unless it has very extensive
powers. It cannot decide upon a distribution of the coa
output unless it can foretell how much coal wll be
produced, and it cannot predict how nuch coal will be
produced unless it has the power to order nmen to work

in the coal mines; i.e., the planning authority nust
have powers which enable it to "direct" |abour

This task presents a very form dabl e probl em

(i) There must be an organi sational chain of command
(ii) There is u serious problem of coeordination arising
Fromthe interdependent nature of the nodern

i ndustrial economy. The production of one sector

depends upon the outputs of another sector.
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(iii) There is a problemin maintaining efficient

al l ocation of scarce resources.

(iv) What do the central planners rely on to set

goals if consunmer preferences are not taken

into account?

Sovi et Russia uses this type of command econony

whi ch we call Conmmuni sm

Lai ssez-faire:

The | ai ssez-faire or market econony works on the
assunption that human bei ngs behave in such a way as to
achi eve maxi mum nmoney gains. Al production is for sale
on the nmarket and all incones derive from such sal es.

By the system of |aissez-faire, each nmenber of the
conmunity sets about solving his own individual problem
Nobody gui des the econony as a whole - everything is
decentralised into mllions of individual decisions taken
by consuners and producers. Conplete |aissez-faire is
never found in practice, however, for it would result in
anarchy. There nust be sone suprene authority to prevent
peopl e seizing the fruits of the efforts of their fell ow
men whet her by fraud or by force.In nost cases, too, it
is found advisable to institute private property rights
(i.e., the rights of persons or bodies to claimthat
certain assets belong to themfor use in any way they
think fit, provided it is not detrinmental to the interests
of the community at |arge.)

Bet ween these two extrenes there are a variety of hybrid
(or compl ex) systens: there nay be central planning
together with sone degree of capitalism but nore often
there will be private enterprise conbined with a snal

or large neasure of state interference.
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A Polish econonmi st naned Lange worked out a combination
of command and narket econom es whereby a state of market
soci al simexists. The state will own the nmeans of produc-
tion except that |abour will continue to control its own
services and will be free to offer these services on the
mar ket for wages. The State al so subsidises the |abourers
in order to maintain a nore equal distribution of incomne.
Consuners may purchase what they wish but the State wll
determ ne the proportion of income devoted to capita
accumul ation. Firnms are instructed to behave as they
woul d under conditions of perfect conpetition

EFFI Cl ENCY OF THE ECONOM C SYSTEM

The nost efficient systemis that which nakes the nost
productive use of the limted human and nmaterial resources
at its conmmand.

An efficient system produces the naxi num anmount of
necessary and desirabl e goods and services with the

m ni mum of human effort and sacrifice, and produces
themtoo, in the Broeortion they are wanted by the
conmunity. The systemwi || have reached its maxi num
efficiency "if it is inpossible to increase satisfaction
by produci ng nore of one good and | ess of another”.

Here, of course, we are again faced with the conception
of sacrificed alternatives.

In the real mof economc policy, the individual wll | ook
to the follow ng ains:

(a) Enel oynent:

The CGovernnent should aimat maintaining a high |eve

of enploynent. The termusually Used is "ful

enpl oyment", which is taken to nmean that there are

nore jobs available than there are unenployed to

fill them But this is an over-sim

nmust not be taken literally. Always, in every country,
there exists a relatively large group of permanently
unenpl oyed people - the too old, the too young, the

i ncapabl e, the drop-outs. Thus

essentially a relative term

plification; it

“"full enploynent"” is
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If private industry is unable to offer enpl oynent
to work-seekers, sonme of the unenpl oyed at | east
may be absorbed into Governnent undertakings; a
rati onal "public works policy" is an e55entia
part of a "full enploynment policy". Wat the man
in the street is nmore concerned with, however, is
that the Governnment should create conditions which
will give a high and stable |evel of enploynent,
and that it should at all costs avoid a serious
and prol onged depression of trade.

An ingroved standard of living and the reduction
of econom c inegualitx:

The desire for inproved standards of living is
actually a desire for increased real incone, i.e.
nore naterial possessions.

Real inconme refers to purchasing power in terns of
goods that can be bought: if noney incone is
constant and prices rise, real incone obviously
drops as | ess goods can be purchased for the same
amount of noney. Simlarly if prices fall, rea

i ncone rises.

As standards of living rise, greater ampunts of
consunpti on goods (e.g., bread, clothing, etc.)
wi Il be consuned per head of population. The role
of governnent is to nake this possible while, at
the same tine, ensuring that sufficient resources
are devoted to produci ng capital goods to ensure
increasing | evels of consunption in the future.
Rel ated to this concept is the problem of econonic
inequality, i.e., poor income distribution

The standard of living in a country is usually
neasured in terns of the average income per head
of popul ation (per capita). Coviously, if the
wealth is concentrated in the_hands of a few
(e.g., Arab oil states), the average standard of
living my be very | ow despite high average per
capita incomes.
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On the other hand, complete equality would rob
efficient workers of rmuch of their incentive and,
in a private enterprise econony, would reduce
capital available for industry as saving and

i nvest ment woul d be reduced.

The bal ance settled upon is dictated by the
politics of the party in power and the opinions

of the business conmunity.

| mgr oved wor ki ng condi tions:

The conditions under which peopl e work have an

i mportant bearing on their general welfare and
happi ness.

Al though it is those who provide the capital for

i ndustry (i.e., the investors or sharehol ders) who
usual |y have the largest say in the managenent and
general policy of an industry, the Governnent

i ntroduces certain regulations to prevent the
expl oi tation of workers by unscrupul ous enpl oyers,
e.g., maxi mum hours of work and m ni num conditions
of safety and hygi ene, etc. The workers thensel ves
nmay exercise a voice through trade unions, works
managenment committees and other similar organisations.
Soci al securitx:

It is generally believed that it is the duty of
every State to provide a m ni mum standard of
econonmic welfare for all its citizens, and that
the State should provide, therefore, for citizens
who have been afflicted by sone hardship such as
inability to find enploynment, or inability to work,
for physical reasons. The |lengths to which the
provi sion of such "social services" should go is

a matter of econom c policy.

In "Econom cs", Benham di scusses four questions of
principle which arise in connection with the provision
of social security.
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(i) Al persons who have lived in the country For

a specified m nimum period should be eligible

for benefits, whether they are normally

woge- eorners or not.

(ii) If the benefits are to achieve their objective
it may be desirable to pay sone wholly or partly

in kind, or to exercise sone control over the

manner in which noney benefits are spent.

(iii) To achieve their purpose, benefits nust not be
too low, but at the some tinme if benefits are

too high they may reduce incentive to find

enpl oynment .

(iv) The sharing of the cost by workers, enployers
and taxpayers may give the idea of insurance,

but unless the rates of contribution are graded

in sone way to allow for differences in risk

(e.g., with respect to type of enploynent, age

of worker, standard of fitness, etc.) it is

really only a special formof taxation.

(e) A stable currency:

To pronote economic stability, to avoid depreciation
in the value of savings, and to ensure that those who
have provided a fixed annuity or pension for their
retirement do not find that in ternms of goods their

i ncomes are gradually falling in value, one aim of
econom ¢ policy should be a stable unit of currency.
However, a Government policy designed to prevent
prices fromrising may lead to a falling off in the

| evel of enploynent. This conflict and others will

be dealt with in greater detail later on

F. tSTEPS | N ECONOM C ANALYSI Sl

The traditional approach to econom c anal ysis was to consi der
first production, then distribution, and then consunption or
exchange. I n practice, of course, production and consunption
act concurrently.
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wvhdm OLDMUL LT T’ HS huvu I nl mm gl mvf pains to enphasiso this
puinl; | hny havo formulated u sysl nm known as oguilibrium
nnulysin in which account is taken of all the various foclors
whirh muy influencn un nrnnnmc detision. These factors wll
HM imlime (:mnin (hunger, WIit’'h might conceivably affect
[ho (InlJKIOVI (1! Hit! lust mnute.

rol u syslnmuilg scientific investigation it is best to study
[ hn nifnrlw nf LhHHQOS in isolation. To study changes in
Isnintion, il is necessary to make the assunption "ceteris
puri hus" --- all things being equal or held constant while

we exanine themin turn. For exanple, one m ght consider

the various things ("determ nants") which deternmine the price
of an article ("a (ood", in Econom cs); the tastes of the
consunmers also play a part. In this particul ar exanple,

in order to anal yse the effect of price changes on the denmand
for the article (or "good"), if is assuned that the tastes of
the consuners remai n constant, and that, all things being

equal, if the price rises the demand will dininish. Using
the | anguage of Econom cs, one would say, "ceteris Boribus,
if prices rise, demand will decrease”.

. PRGRKZTI W

lo satisfy his wants, man has to utilise to the best
advant age the natural resources and the products around
him This is the sphere of production

Anyt hi ng which is used by man (including his own | abour)
in furthering production, is said to be a factor of
Eroduction. Clearly there is a very great

vari ety of

such factors in daily use, but in econom c discussions
(0) Factors which cannot be bought and sold by nen
(9.9., sunshine) are usually excluded.

(b) lhe other factors of Broduction are:-

Lnnd - which earns rent

Labour _ which earns wages and sal ari es
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Capital - which yields interest

Organi sation - or the "entrepreneur” who earns

profits.

DI STRI BUTI ON

Every factor which contributes to production is naturally
entitled to a share in the product. Obviously, it would
be difficult to apply this procedure in cases where the
product was indivisible.

Di vi sion of the product is nuch sinpler where noney is
used. The finished product is sold to consunmers and the
proceeds are distributed as noney rewards to the
contributing factors. Thus, |abour earns wages, |and
earns rent, capital earns interest and entrepreneurship
earns profits.

Under Distribution then, we study what determ nes these
various nonetary rewards.

CONSUMPTI ON

Production is undertaken to neet the requirenents of
consumers. These requirenments are indicated by the

wi | lingness of consunmers to pay a price. On account of
the technol ogi cal structure of industry, however, sone
consi derabl e tine must now o-doys el apse between the
begi nni ng of production and the marketing of the

fini shed product, so that producers nmust onticigote

the requirenents of consumers. Mreover, the ability

of consumers to pay prices depends upon the ampunt of

i ncomre they derive fromtheir contributions to
production. In other words, noney and technical progress
have brought an economic circuit into being; Production
makes possi bl e the paynment of inconmes, and these incones
in turn make it possible for the recipients to buy the
results of prpduction, while exchange or consunption
(via the nobney systen) pernmits convenient transfer of
title to goods and services.
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ECONOM C MAN

An i nportant assunption which an econom st nust nmake if he
is to be able to deduce reliable principles regarding
behaviour, is that all men are "econonic" men; i.e.

that nen are prinmarily interested in pronmoting and
satisfying their own wants.

Critics of the science often seize upon this point to
contest its usefulness in real life, but you will agree,

I think, that by adopting as his "specinen" a man who is
assuned, when he is faced with a choice, always to adopt
the course which is nore favourable to hinself, the
econom st is not deviating far fromreality. Simlarly

| awyers tal k of the "reasonable man".

The econonist, in making this assunption, is attributing
to man the characteristic of rational behaviour and

rati onal choice. This consistent behaviour is a necessary
basis for the devel opment of sound economi c theory.

H. NORVATI VE AND PCSI TI VE ECONOM CS

Posi tive Econom cs deal with "

deals with what "ought to be".

what is"; Normative Econom cs

Posi tive Econonics is independent of any particular ethica
position. "lIts task is to provide a system of generalisations
that can be used to make correct predictions about the
consequences of any change in circunmstances”. (Friedman)
Nor mat i ve Econom cs cannot be i ndependent of Positive
Econom cs. Policy decisions (judgenents are the basis of
Nor mat i ve Econom cs) necessarily rest on predictions which
nmust be based on Positive Economics.
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Thus while the statement that one production nethod is nore
econom cal than another may be positive, the decision on
what shoul d be produced is nornative.

To any government which is really concerned with the

wel | -being of the country (as opposed to its own well-being)
there are always certain aspects of the country’s econony
which, it feels, should be sensitive to, if not actually
under, governnent control or influence. These views of
responsibility are normative or VALUE JUDGEMENTS, and no
unequi vocal presentation of cold, hard fact will be likely
to sort out differences of opinion wthout controversy,
because the opi nions of men are always bent, to a greater
or |l esser degree, by personal principles or pet phil osophies:
infinite argunent is possible as to what could happen if
this or that step were taken, or this or that policy were
adapt ed.

1. METHODS OF STUDY | N ECONOM CS

1. I NDUCTI VE AND DEDUCTI VE METHODS

Al'l econom sts do not use the sone met hods. Some coll ect
statistical or other data Fromthe world around t hem and
by analysing this data, extract laws relating to
tendenci es. They use what is known as the Inductive

Met hod of Study. Qthers start off with certain

assunptions and by deductive reasoning arrive at the
conclusion that if their assunptions are valid, then
certain results nmust follow These econom sts use what

is known as the Deductive Method. Although neither of

t hese met hods can be condemmed out of hand, there is

no doubt that the nost satisfactory nethod for an
econoni st who wi shes to arrive at concl usions which are
both realistic (i.e., of some use in the everyday

worl d) and theoretically unchall engeable, is one which
conbi nes inductive research wi th deductive reasoning.

2. THE USE OF MATHEMATI CS

Economi sts al so have different ways of setting out their
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argunents. Some rely entirely on their literary

powers while others place great dependence on

mat henmati cal expl anations. Marshall, one of the

| eadi ng econonists of the Ni neteenth Century, used

both. He first deduced a | aw by nmat hemati cal net hods;

he then translated his nmathematical theoreminto prose;
thirdly, he delved into the business and comrercia

world until he had found sone data fromthe real world

whi ch substantiated his theory; then, and only then

did he give his theory final shape for presentation

to the public. In Marshall’s case all al gebraica

and geonetrical argunents were relegated to footnotes

or appendices in his "Principles of Econom cs", but

ot her econom sts such as Keynes or Joan Robi nson nake
extensi ve use of mathenmatical nethods in the main

sections of their published work.

In this Course, and in your exanination work, you wil|l

rely primarily on witten explanations. Unless you

have reached a high standard in advanced mat hemati cs

you are likely to find that al gebraical nethods tend

to obscure rather than clarify the issue. Wth

geonetrical diagranms, however, the position is different.

Only a limted know edge of graphs will enable you to
understand (and present to the exanminer) illustrations

which make it possible clearly to explain in a few |lines

what woul d ot herwi se take a page or so.

ECONOM CS | N PERSPECTI VE

There is no definiteness about the scope of Economics. Marshall’'s
definition was w dely accepted until nodern econonists inproved
upon it by enphasising the scarcity aspect of man’s resources.
But there is general acceptance that it is a science (though not
an exact one) and is a branch of sociology. The prinmary object
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of economic activity is to provide man with his basic needs ---
food, clothing and shelter; but technical advances have made it
usual to provide for cultural wants in addition to these basic
needs. The efficiency of on eeonom ¢ systemis judged by the
vol ume of satisfaction it achieves fromthe avail able econonic
resources. It is not for the econonist to express an opinion

on the desirability of central planning or |oissez-foire, or

on any systemusing sone of the features of both; the econom st
con nerely point out the advantages and weaknesses of each in
their efficiency as econom c systens.

In the real world, production, consunption and distribution are,
broadl y speaki ng, concurrent or even sinultaneous processes, but
for the purpose of econonic anal ysis we study each of these
phases in isolation, although by using the principle of "ceteris
pari bus" we may achi eve a degree of exactness ot the expense of
reality.

The concept of econonic man, a man of selfish interests, is
used here for purposes of scientific enquiry.

PROGRESS QUESTI ONS

Set out at the end of each lecture you will find two or three
guestions bearing on the material you have just studied. These
guestions represent the type of questions that will be asked in
the final exam nation. It is not intended that you should send
in your answers to these questions. They are included, in order
1. to stimulate your thinking capacity, and

2. to enable you to evaluate yourself and the

t hor oughness, (or otherw se) of your study.

The main points which should be included in your answer are
sonmetines appended - in note form- to each lecture: from
these you can correct your Oan answers.
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You shoul d take particular core in answering these questions,
and you can rest assured that if you can handl e conpetently

all those set on all the lectures, you will have nothing to

fear in the exam nation itself.

It is left to your own judgnent whether you actually wite a
speci men answer to each question, or whether you nmerely turn
over in your mnd the points that you woul d make, but whichever
nmet hod you enpl oy, tackle each question conscientiously. If you
adopt the latter nethod, give yourself, fromtine to tine, the
sterner test of witing your answers.

I would like to enphasise that should there be sone point which
is not clear in your nind, do not delay in witing to me about
it. Explanation and advice are offered freely, and you nust not
hesitate to avail yourself of this service.

Answers to the Test papers which you will find at the back of
each | ecture booklets nust be witten, and submtted for nmarking.
These answers nust be witten in essay form- the formin which
the Final exam nation nmust be done.

At the head of each of these Tests you will find a stipulation
as to how much TIME you are allowed for the conpletion of the
Test. Be careful to stick strictly to the giventinme limt;
don't "cheat", and give yourself extra tine to conplete the | ast
answer - the invigilator in the exam nation roomw || not give you
one single mnute nore than the stipulated tine!

If you need nore tine to cover any Test, it is clear that either
your thinking, or your witing, or BOTH, need to be speeded up
Here are the typical questions based on this |lecture:-

1. What is the scope of Econom cs? Examine its relationship

to other social sciences.

2. What clains has Economics to be regarded as a science?
Consider its relationship to other sciences and explain

why economc "laws" are | ess exact than the laws of the

physi cal sciences.

3. "A study of society’s economic problens is basically an
enquiry into problens connected with scarcity, choice

and exchange." Di scussh
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GUI DES TO THE ANSWERS

QUESTI ON 1:

Economics is one of the social.sciences which together nmake up
Soci ol ogy. Just as Ethics deals with man’s conduct, Politics
with his position in the State and Law with his rights and duties,
so Econonics is concerned with man’s material welfare; it is
anot her social science, the sphere of which is man’s conduct in
the ordi nary business of life.

None of the social sciences is an entirely separate subject
which can be put into a woter-tight conpartment. Every science
is related in some way to other departments of know edge, and
all affect man’s everyday existence in sone way or another

Mor eover, each has to trespass to sone extent on the preserves
of the others, and this is particularly true of Econom cs.
Econom cs cannot be kept entirely distinct fromPolitics, Law
and Ethics. The effect of economc forces is being continually
controll ed and nodified by social forces --- the custons and.

| ows of society and those ethical and noral standards to which
soci ety must conform

"Economi cs represents an attenpt to systemmti se or organi se our
know edge of human society in its efforts to satisfy its needs”
(Jones). It analyses the relative advantages of different systens
of government fromthe point of view of this notive. Since
Economics deals mainly with human forces and not, |ike Physics
for exanple, with natural forces, it cannot be said to be on
exact science; to achi eve exactness assunptions nust be nade,
and the econom st nust deal with the average man, or with groups
of people, thus elimnating the eccentricities of individuals.
QUESTI ON 2:

Scientific generolisations refer to reality; economi c generolisotions
also refer to reality, even though they |ack the exoctitude of
some, but not all, other sciences. For exanple, the Law of

Di m nishing Marginal Uility, though real, cannot be stated with
the exactitude with which the Low of Gravity can be expounded.
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Furthernore, econom c science deals with man and his materia

wel fare; though he cannot be accurately defined in a scientific
sense, he does exist, and for the purpose of Economi cs on
"econom ¢ man" has been propounded --- one influenced by selfish
notives. While this device may cause Economics to |lack a certain
amount of exactitude, it does not, nerely because of it, cease
to be a science. In Economics 05 in other social sciences |ike
Psychol ogy, Politics and Ethics one is dealing wi th human
reactions and the psychol ogi cal aspect onnot be ignored. However,
these reactions do tend towards a fundanental simlarity, therefore
it is possible to nake assunptions and generolisotions about
behavi our.

The net hods of econom c reasoni ng adopted are often simlar to,
but may be very different from the nethods adopted by the exact
sci ences. The inductive and deductive nmethods both form part of
the reasoni ng of Econom cs.

In the deductive nmethod, certain accepted assunptions, or

hypot heses, are used as a starting point fromwhich to proceed
to other propositions.

In the inductive method, facts are collected, collated and
classified, and fromthis a generalisation is nade.

Though Econom cs has sone affinity with the exact sciences, it
is nmore properly regarded as 0 social science, because it is
concerned with a certain and linmted part of man's activity.

Just as Law is concerned with man’s rights and duties, Ethics with
hi s conduct, Psychol ogy with his behaviour, so Economics is
concerned with "his ordinary business of life" --- this being
Marshall's definition. That is, Economics is concerned with a
section of man’s activity and it is therefore a social science.
Naturally, there is bound to be a certain amount of overl apping
with other social sciences. For example, the vendor of poll uted
food is indulging in econom c and al so unl awful conduct.

If, owing to its conparative youth, the science of Econom cs has
not as yet been defined in a "final" or exclusive sense, it is
still no less a science. For after 011, Econonic Lows nust first
of all be discovered and applied before the scope of the science
reveal s itself for the expounding of precise definition.
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QUESTI ON 3:

If resources were unlimted there woul d be no econom c goods
and no economc activity as we knowit. If there were enough
of everything, or enough resources to nake it possible to
produce as much of everything as would fully satisfy the wants
of everybody, there would be no economic problem It would

not matter if too nuch of a particular article was produced;
it would not matter if |abour and machi nery were conbined in a
rati o which did not happen to be the nost efficient. But this
is not so.

In the world as it is goods and resources are scarce. Qur
problemis to make the best use of the Iimted neans that

we have and this makes it necessary constantly to choose

bet ween al ternative uses of what goods we do have and, in
sone cases, of the time at our disposal. This is sonetines
referred to as the | ow of scarcity. The real econom c cost

of producing a certain article is often said to be the product
whi ch coul d have been produced it the resources were used in
some alternative way. If for some reason we are unable to

use the resources in the alternative way and we require the
alternative product which could be produced, this may be
obt ai ned by exchange. In other words, exchange is an indirect
nmet hod of naking a choice. Clearly if goods were in unlimted
supply there would be no need to give sonething in exchange
for whatever it is we wont.

RRC. 14 028






A WORD BETWEEN LECTURES.

Havi ng conpleted the first lecture in your course you will, 1"msure,
agree that Economics is not the difficult subject everyone thinks it
is. It deals, after all, with ordinary every-doy things which we can

all easily relate to!

Youul | recall what we said at the end of the first lecture: You don"t
need advanced mat hematics in order to understand Econom csi but you
g2 need sone know edge of graphical presentation of date. You also
need sone BASIC arithnetic and mathematics in order to appreciate
nore fully the graphical and other concepts and | ogical argunents
found in your course.

Many past students have said to me "If only ny basic maths had been
stronger | woul d have found the study of Econonics so chh easier -
al nost effortless!™ Wth this in mnd, your tutor has selected a
nunber of BASIC mat hematical "tools" as a small refresher course to
hel p you.

Naturally, if you know that you are strong in Maths, feel free to
skip the rest of this set. If you have doubts about your abilities,
pl ease study the following | ectures with care before proceeding.
Enj oy your studies, and keep to your tine-table!

DI RECTOR OF STUDI ES.

RRC 15 392
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FRACTI ONSa

| DECI MAL FRACTI ONS:

A decimal fraction is a fraction in which the denom nator (usually
omtted) is 10 or sone power of 10, i.e. 100, | 000 and so on

In any nunber such as 543,672 it can be seen that the 3 stands for

3 unitsy the 4 for 4 tens and the 5 for 5 hundreds, so that each
figure to the left increases tenfold at each step fromthe units
figure. That is, the 5 which is two steps fromthe 3 stands for 5 x

10 x 10 or 5 hundreds. Simlarly then, when proceeding to the right
each figure is decreased tenfold. Thus the 6 which is one place to the
right of the units figure

represents 13 ; 7, which, is two places to the right of the units

fi ure re resents --Z-- or -Z - while the 2 re resents

9 ' 9 10x10 100" P

22

10 x 10 x 10 or 1000

Therefore 543,672 may be witten in full as:

5x100t 4xl O 3t-6-k-2Z- 2

10 100 " 1000’

The comma is called the deci mal comma while such fractions are called
decimal fractions or nore shortly decinmals. The places to the right

of the decimal comma are known as deci mal pl aces.

Any fraction other than a decinmal fraction is called a vulgar fraction
ADDI TI ON AND SUBTRACTI ON OF DECI MAL FRACTI ONS

You will realise that, when performng ordinary addition and subtraction
it is necessary to arrange the nunmbers so that all the units are in the
same columm, all the tens are in the same columm and so on. It is
equal |y i nportant when addi ng and subtracting decimals to be sure to
keep the deci nal conmmas under each other. These two Operations of
addition and subtraction can then be carried out as with whol e nunbers.
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2xcngle la

(1) Add together 6,057; 30,0009; 0,00095; 17,003; 485, 08005;
0, 50036

6, 057

30, 0009

0, 00095

17, 003

435, 08005

0, 50036

538, 64226 ANSWER

(11) Add together 53,715; 147,013; 281; 0,1073; 17 589, 9725
53, 715

147,013

281

0, 1073

17 589, 9725

18 071, 8078 5g3ggg

Exanel e 2:

Subtract 34,126 from 675, 32

641,194 .. ... ... (3) ANSVER

Note as a check, by adding nentally lines (2) and (3) line (1) should
be obt ai ned.

t;; LTI PLI CATI ON OF DECI MALS:

The nmul tiplication of decimals is done in exactly the sane way as the
nmul tiplication of whole nunbers. The nunber of decimal places in the
product is equal to the sum of the nunber of decinal places in the
multiplier and the multiplicand.
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Exanel e 3:

Multiply 53,4 by 2,1

Mul tiplying 534 by 21 the product obtained is 11 214. There is 1 deci nal
place in the nultiplier and | in the multiplicand and therefore the
nunber of decinmal places in the product nust be 1t | or 2, i.e. the
result is 112,14. ANSVER

The two deci mal places are nmarked off fromthe right.

Note as a check that a rough result would give 53 x 2 : 106 show ng
that the answer woul d be sonmewhere in the region of 100. Thus if an
answer of say 1121,4 was obtained it would be obvious fromthe rough
answer that an error had been nade. This rough check is of inportance
in all practical calculations.

The nmultiplication of a decimal by 10 or a power of 10 is of great

i mportance. When a decimal is multiplied by 10 the decimal comm is
noved one place to the right e.g. 0,236 x 10 : 2, 36.

When nmultiplied by 100 the decimal conma is noved 2 places to the right
and simlarly for other powers of 10. °’

e.go 0,23659 x 100 : 0O, 23659 x 102 or 23,659

0, 23659 x 10 000 0O, 23659 x 2104 61- 2365,9

Conversely dividing a decimal by 10 noves the decimal comma cne pl ace
to the left and simlarly for other powers of 10.

e.g. 23,659 e 10 : 2,3659

23,659 9% 1000 2 23,659 e 103 or 0, 023659

When three or nore decimals are nultiplied together the product of two
is first found and then the product of this decimal and the third is
found and so on. The nunmber of decimal places in the final product is
the sum of the decimal places in the separate deci nals which are

nmul tiplied together.

e.g. 0,25 x 1,1 x 1,3

By ordinary nmultiplications 25 x Il x 13 3 575. The nunber of decim
places in the result will be 2 el #1 : 4. Marking off 4 places from
the right the answer is 0, 3575.
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Rough check 0,25 x | x 1,2 : 0,3

DECI MAL PLACES AND SI GNI FI CANCE FI GURES

It is possible by means of accurate instrunents to neasure a length to
three decimal places. If then an area i.e. the product of a |ength by
a breadth is obtained the result is found to have six deci mal places.
Because it is not necessary to express an area so accurately the result
is given correct to a number of decinmal places. The approxi mation

consi sts of rejecting decimals and the result is given to the nunber of
pl aces required. The rule adopted is as follows:-

If the figure which is rejected is greater than or equal to 5 the
preceding figure is increased by one.

Thus 32,64749 is 32,6475 correct to 4 deci mal pl aces

32,648 correct to 3 decimal places

32,65 correct to 2 deci mal places

32,7 correct to 2 decimal place.

If no figure precedes the decimal comma, significant figures do not

i ncl ude any noughts whi ch occur between the decimal comma and the first
figure.

Thus, 0,0000123 is correct to 7 decimal places but only to 3 significant
figures, the significant figures being 123.

In this case the result correct to 2 significant figures would be

0, 000012.

DI VI SI ON OF DECI MALS

The inportant points to renenber in dealing with the division of decinals
are: -

(0) always make the divisor a whole nunber

(b) always work out a rough answer.
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Exanel e 4:

Di vide 4,321 by 2,47

First make the divisor a whole nunmber. To do this, in this case,
multiply both decinmals by 100. This gives 4,321 % 2,47 2 432,1 5 247

and proceed to divide in the usual way. Note that a rough answer is
4-:2: 2.

247)432,1 (1,749

247

A1851

1729

1220

988

2320

2223 and so on

The answer correct to 2 decinmal Blaces is 1,75.

Note how this conmpares with our rough answer 2. An alternative nmethod is
to arrange the divisor as a whol e nunmber and place the quotient above the

di vi dend when the decimal point in the quotient will be exactly above the
deci mal point in the dividend.
Exanel e 5:

Di vide 69,173 by 3,13

Arrange the divisor as a whole nunber, i.e. 69,173 %3,13 : 6917,3 e 313
Note a rough answer is 69 e 3 : 23.

22 1

313 6917, 3

626

657

626

313

313 The result is 22,1 ANSVER
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t CONVERSI ON OF A VULGAR FRACTI ON 10 A DECI MAL FRACTI ONzl
L ", ..

denom nator in a vul gar

o be divided by the denom na-

decimal fraction is therefore

d give your result correct

5 works out exactly.

The |ine separating the nunmerator fromthe

tlaction indicates that the numerator is t

tor. The rule of converting a vulgar to a

to divide the nunerator by the denom nator on

to a suitable nunber of places unless the cal cul ation
Exanel e 6:

14 .

Express 53 as a declnal

Arrange the division as in Exanple 5.

O 56

2551 , 00

15

b

0 ZI

(62 ee]

H H

O

ANSVER
0: 56
Note here the inclusion of the O before the decinmal coma. This shows
that there is no whole nunber and also fixes definitely the position of
t he deci mal comma.
Fromthe definition of a decimal fraction the follow ng results may be
directly obtained: -
Lo _I__.1
10 0,1 ; 100 _ 0,01, 1000 : 0,001
Cvriain inportalt vulgar fractions which occur quite frequently in
practice should be carefully noted together with their corresponding
deci nal s.
0, 375
: 0,625
CQ h
(1J1v

0,125 g 1 0,375
CDIH
[ 51 3

4 0,252 0,51 : 0,75
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RECI RRI m DECI MALS

It sonetimes happens that when changing a vulgar fraction into a deci nmal
an exact result is not obtdined, in fact a set of numbers will be found
to repeat as long as the division is carried out. Such a decinmal is known
as a recurring, repeating or circulating deci nal

Exanel e 7:

Express %3 as a deci nal

0 2424

335 8, 00000

h- h10x

$80

ngg' gla &

This will give a result %3 : 0:242424 ..u. and so on ANSVER

In order to sinmplify the setting down of a recurring deci mal the

foll owi ng conventional nmethod of expressing this is adopted

g5 : 0,5i, the dots over the 2 and 4 indicating that the 2 end 4 both
recur. Simlarly i : 0,% the dot showing that the 3 recurs and

, 37

0, 14285; the dots showing that all the figures between the two dots recur
i.e. 142857 recurs.

Recurring decimals in which all the figures recur are known as pure
recurring decimals. Mxed recurring decinmals are those containing a
non-recurring and a recurring part.

I

6.9. $2 : 0,083 is a mxed recurring decimal since only the 3 recurs.
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Recurring decimals may be added or subtracted in the usual way,
sufficient figures being put down to cover the number of places required.
Exanel e 8:

Find the sumof 0,1i3, 3,740 and 2,0 correct to 5 decimal places"
Because a result to 5 places is required, work to 6 (i.e. one nore).
0, 123232

3, 743743

2 333333

L.

6 200308

R

The result is 6,20031 (Egirect to 5 decinal Bl aze; ANSVER

VWhen mul tiplying or dividing recurring decimals the sinplest method is to
change themfirst into tneir correspondi ng vul gar fractions and then
performthe operations required finally converting back to deci mals.
CONVERSI ON OF DECI M\_S TO VULGAR FRACTI ONS

1

You have already seen that 0,1 is a nethod of witing 16 also 0,01

I

100 etc. The following rule can therefore be given for changing a

a decimal to vulgar fraction: Use the given decimal as the nunerator
and for the denominator wite down a 1 foll owed by as nmany noughts as
there are decinmal places in the given decinmal fraction. If necessary
then reduce this faction to its | owest terms.

_ 111 w _1& 3 561

e.g. 0,144 _ - 125 0,3561 ; 10 000

1000

0, 0031 : 160996

This rule applies cnly to ordinary decimals and there are special rules
for pure recurring and m xed recurring decimals.

For pure recurring decinmals the following rule is used: -

Wite down as nunerator the figures that recur, and as denom nator as
many nines as there are recurring figures.
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e.g. 0,24 : 2f : g. (See also the converse operation in
99 33

Exanpl e 7)

31 " 7 142857 1

0,3: 5: 3, 0,142857 : 999999 - 7
n 9 |

0,09 : 5; : 1l

These | ast three are inportant and should be carefully noted.
For mxed recurring decimals the following rule is used.
To obtain the nunerator subtract the non-reQurring figures fromall the
figures, and for the denomi nator wite down as many nines as there are
recurring figures foll owed by as many noughts as there are non-recurring
figures.
mgmeo6: ---:-:- - mum
900 900 36 12
" _ 3242 - 32 3210 107
0, 3242 - 9900 9900 : 550 ANSWER
916 - 91
To show that 0,916
then by 100 and subtract.
0,916 x 1000 : 916,6
0,916 x 100 91:6
.'. 0,916 x 900 : 916,6 - 91,6 : 916 - 91
916 - 91
. . 0,916 : 900
THE METRI C SYSTEM
This system now wi dely used is based on decinmals and one of its greatest
advantages is that one definite unit is taken for each set of neasures
and all others are powers of ten of this unit. The prefixes nmost likely
to be net and their meanings are as follows (abbreviations are shown in
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deci (d) ; % of unit

centi (c) : 100 of unit
1

. ..g .
ML111 (m) _ 1000 of Unhlt

the above are the nore common, but tan other prefixes that nmay be net are
nmega (M : | 000 000 tines

Mcro (P) : Wof unit

The basic units are metre for |inear nmeasure, gramre (or gram for nmass
(wcight) and litre for capacity.

The noney system uses rands (R) and cents and Rl : 100c.

An exception to the nmetric systemis the neasure of time, the relatione
shi ps bei ng:

60 seconds : 1 minute

60 mnutes : 1 hour

24 hours : 1 day

7 days : 1 week

365 days : 1 year

Sonetimes it is necessary to express one quantity in terns of another
quantity of the some kind. This, using the nmetric systemis quite sinple,
merely requiring shifting the deci mal coma; but when dealing with time
the tabul ated conversion factors nust be used.

Exampl e 9:

Express |,573 kilonetres (km as centinmetres (cn

1 km4 1000 rmetres (m

[,573 km 2 1573 m (shifting decimal comma three places to the right)

I m2 100 cm

1573 m 4 1S? 300 cm ANSVER

gxungl e 10:

The measurement froma scale drawing represents 1 342 000 millimetres (mm.
What is this in netres and kil onmetres?

2

.5
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To convert mmto mwe nust divide by 1000, i.e.nove the decim
conma 3 places to the left, thus:
| 342 000 mm: 1342,000 or 1342 m ANSVEER (L)
Because 1 km: 1000 m
1 342 m: 1,342 km ANSWER ( 2)
(Decimal coma is again noved 3 places to the left to divide by 1000
when converting netres to kilometres).
Exanel e 11:
A tank contains 17 hectolitres of wine. Neglecting any | osses, how
nmany litre bottles could be filled?
100
1700 litres
1700 bottl es ANSVER
Hecto
". |7 hectolitres
el
Exangl e 123
(1) Express 403,20 nminutes as a decimal of a week
(ii) How many seconds are contained in this tine?
403, 20
(1) 403,20 min : 60:
6,72 h (to convert mnutes to hours
di vi de by 60)
9422 0,28 days (to convert hours to days
24 divide by 24)
9#gg : 0, 04 week ANSVER
(Divide by 7 to change days to weeks)
(ii) 1 mnute 60 seconds
403,20 min 403,20 x 60 25.;92 seconds ANSWER
Exanel e 13:
Express 0, 0375 of a week in mnutes



0, 0375 of a week :
1

2.

w88,

0, 0375

7

0, 2625

4

1, 0500

6

6, 3566

60

378, 0

FRACTI ONS. PAGE_ 12.
days

hour s

m n.

378 m n. ANSWER

| PROGRESS QUESTI ONS

Find the sum of:

(a) 0,234 232,15 0,00857 5607, 25

(b) 34,005 14,94 0,001304 530, 00

Subtract:

(a) 57,704 from 713,00683 (b) 27,148 from 9816
Mul tiply:

(a) 81,432 by 0,0378 (b) 4,07 by 2,052

Di vi de:

(0) 112,14 by 0,0534 (b) 0,429408 by 59, 64
5

(0) Express 13;

correct.

(b)

Reduce to a deci nal

@uns

as a decimal and prove that your result is



No. 6.

E

FRACTI ONS. PAGE 13.

Reduce to vulgar fractions:

(0) 0,325 (d) 1,127

(b) 0,0375 4 (e) 0,81

(c) 5,624 (f) 4,7622

Express in mnutes:

(a) the sum and

(b) the difference between 0,342 of a week and 1, 63?7 days.
........ 000-----..-

ANSVERS TO PROCESS QUESTI ONS

(a) 0,234 (b) 34,005

232,15 14,94

0, 00857 0, 001304

5607, 25 530, 00

5839, 64257 ANSWER 578, 946304 ANSVEER
(a) 713,00683 (b) 9816, 000

57,704 27,148

655, 30283 ANSWER 9788, 852 ANSWER
(a) 81,432

0, 0378

651456

570024

244296

3, 0781296 ANSWER

81 x 4 324

Rough check 81 x 0,04 _ 100_: m: 3,24
(b) 2,052

4,07

14364

8208

8, 35164 ANSVER Rough check 4 x 2 : 8



E
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(a) 112,1400 5 0,0534 : 1121400 ; 534
2100

53451121400

1992

534

ggg

ANSVER 2199

. 5100

Rough check 112 7 100 : 112 x 5 ; 112 x 20 _ 2240
(b) 0,429408 f 59,64 : 42,9408 % 5964

0 0072

5964542, 9408

41,748

1,1928

1122. 9.

. .... ANSVER 0, 0072

Rough check 0,42 %60 : 0,042 | 6 : 0,007
(0) 1% : 0,416 ANSVER

1 416 0 41
Pro of 0,416 : -200..
$152

~ 900 2 33 " 12

79

0__1-0

(hy 212

58 10 32

The L.C. My of the denomnators is 160
31.1.0.9 11.242 821 1

160 1 160 1 160 1 160 : 22°

136 160
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0 00625

160%1, 00000

960

400

W

800

800

2, 00625 ANSVER

325 13

No. 6. (a) 0,325 : 1650 : Z2
(b) 0,0875 : 875 g9 _ z_
10000 _ 400 7 g_

524 156 78

(O 5,624 : 5m: 5 %: 51-72

" 127 - 1 126 14 7

(d) 1,127 :1 79?)- : 1-99. O: 1m: I|IE
" 819

(8-) 0,81 :: E: E

7622 - 7 7615 1523

(f) 4,7622:4 '5560_ : 4W: 41?77
No. 7. 0,342 week 1, 637 days

7 4

2,394 days 6, 548

4 __ Q

9,576 39, 288 hours

;2 60

57,456 hours 2357,280 mn.

60

3447, 360 min.

Sum : 3447,36 4 2357,28 : 5804,64 mn. ANSVER (a)
Difference : 3447,36 : 2357,23 : 1090,03 mn. ANSWER (b)
50 811






ayERACES; RATI O AND PROPORTI GQ, PERCE!l eGES

| NTRODUCTI ON

In this | esson, we shall deal with Averages, Ratio and Proportion, and
Percentages, and it will be seen haw the basic rul es and operations are
appl i ed.

Wil e these topics are not difficult in thenselves, you are advised to
study the lesson very carefully and to make sure that its subject natter
is clearly understood. The met hods considered here will be used constantly
in later work.

AVERAGE

The average of any series of nunbers or quantities is the nean val ue of
those nunbers or quantities. The rule to be adopted is 'Divide the sum
of the nunbers or quantities by the nunber of nunbers or quantities’.
Examal e 1:

Find the average of the nunbers 0, 36; O0,48; 0,16; 0,32; 0, 76.

The total here is 2,08 and dividing by the nunber or nunbers,

i.e. 5, the average value is 0,416. ANSVER

Exanel e 2:

The mass of eight nmen in a boat’s creu are 60,00; 62,10; 64, 20; 68, 15;
65, 00; 70,01; 63,76 and 64,46 kil ograns. \Wat is the average mass?
Addi ng the nmass together the sumis 517,68 kg.

The average mass therefore is 517,68 4 8 : 64 71 kg; ANSVER

nunmber of men.
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# special case is that in which the nunbers under consideration, when
pl aced in order of magnitude, increase uniformy.

Such nunbers are said to forma series. The average of the whole series
is the average of the first and last terns init.

ExcnEl e 3:

Find the average of 5, 8, I, 14, 17, 20.

In this case each nunber differs fromthose on either side of it by 3.
The average is 5-3-33 : 12y2 ANSVER

Nate that using the nmethod previously outlined the average is
54-8-6-11-1-14 el7 e20: 22 : 12/2

6 6

Errors are often made by adopting the follow ng nmethod of finding the
average of a series of nunbers. Divid;ng the series up into a nunber of
groups, finding the average of each group and then finding the average
of these averagesu The answer thus obtained is incorrect when it applies
to speeds. The only correct nmethod of finding an average speed is to

di vide the TOTAL distance by the TOTAL time irrespective of any variation
of speed.

Note how this is denmonstrated in the exanple which follows: -

ExcrmulLe 4:

. J.

etai m ne the average speed of a train noving 105 netres in 15 seconds,
90 netres in 9 seconds and 38 netres in 8 seconds.

Total distance : 105 e 90t 88 : 283 netres

Total time : 15 e 9 e 8 : 32 seconds

283

Average speed : -53 : 8:84 netres Eer second ANSVER ... (a)

Note that the incorrect nethod woul d be
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J . L
105 nmetres in 15 seconds
90 netres in 9 seconds
88 netres in 8 seconds
.". Distance in 3 seconds
Aver age speed : gg
7 metres in 1 second
10 metres in 1 second
11 netres in 1 second
7t 10 e 11 : 28 netres
9:3 netres Ber second ........ .. (b)
To check on average renenber that the average nultiplied by the nunber of
terns gives the total. Using result (a) the total distance is given by
average multiplied by time : 8,84 x 32 : 283 nmetres, which as has al ready
been seen is the total distance. Using result (b) total distance : 9,3 X
32 : 299 netres approxinmately. Note that this latter nmethod gives an
incorrect result, and that this nethod nust not be used.
RATI O !
It is often necessary to conpare two nunbers or |ike quantities. Consider
the two nunbers 12 and 8. These may either be compared by stating their
di fference or by expressing the nunber of times one is contained in the
other. In this case the difference is 4 and 8 is contained in 12, 1V2
ti mes. Now consider the two nunmbers 12 and 16; their difference is 4 but
16 is contained in 12 only 3/4 times. It is obvious therefore that the
difference may lead to sone anbiguity and the other method is used. This
wi s known as a ratio and the ratio of one quantity to a second is the
nunber of times the first quantity contains the second. In other words
aratiois a fraction with the first quantity as the nunerator and the
second as the denom nator.
e.g. the ratio of 3to 2 is witten as:
%0r 3920r 3: 2
The col on between the two nunbers indicating that the ratio is required.
The conception of a ratio can only be used when conparing two quantities
3f the sane kind; as, for exanple, two | engths, two weights, two
lelocities, two coins etc. It is_meoningless to speak of the ratio of one
el ephant to one apple; on the other hand, the ratio of the nass of an
el ephant to the mass of an apple or the volune of the forner to that of
the latter, has a definite neaning.
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5

Thus the ratio of 5 kilograns to 8 grans is not 5z 8 or 5 but

I

5 x 1000:: 8, that is, 5000 : 8 or 625 : 1.

When an answer which is a ratio does not contain sinple nunbers only,

it is usually convenient to express it as a ratio in which one termis 1
Thus if an answer 2,7 : 3,8 was obtained this would be witten 1 : 1,4 O:
0,71 : 1.

To divide a given nunber in a required ratio add the two ternms of the
ratio to obtain a common denom nator and take each of the ternms in turn
as nunerators.

Exangl e 5:

Divide R70 in the ratio of 2 z 3

Here the denom nator beconmes 2 e 3 : 5

g of 70 z 28 and g of 70 z 42

The required anpbunts are therefore Egg and Bi g ANSVER

When dividing a given nunber in the ratio of two fractions these nust
first be reduced to equivalent fractions with the sone denomni nator.
Exanel e 6:

e

Dlvlde ROO 1n IQh 2 . 3

I e

Thls does not nean | of R90 and 3 of R90. W1ltlng | and 3

as fractions with the same denom nator R90 nust now be divided in the
at. i cL

r 10 20 . 20 .

i.e. ROO must be dilided in ratio 5 : 4.

Here the denom nator becomes 5 e 4 : 9

g of RO0 : R50 ahd % of RO0 : R40
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The required results are Egg and Bi g: ANSVER
Al ternatively using the general nethod the following solution is
obt ai ned: -
Divide RO in the ratio of %; %
19
Here the denoni nator becones %e 3 : 26
1
gof RO0: % g- 0x90: 50
50
1
g of RO : % x 2g x 90 : 40
25 m
Hence the required ampbunts are 529 and Bi g AE3ggE
PROPORTI ON
Proportion indicates the equality of two or nore ratios. It is evident
that 2 : 3 and 12 : 13 are the sane. The equality of the two ratios is
expressed as a preportion in the follomnng manner 2: 3 : 12 or 2 : 3 ::
2 : 18, the double colon or the equals sign indicates that the two
rati os are equal. The four terns are said to be proportional and the
proportion is read as '2 is to 3 as 12 is to 18’
The first and last terns of a proportional are called the extrenes while
the second and third terns are called the means. In this case the 2 and
18 are the extrenes and the 3 and 12 are the nmeans. The relationship
bet ween the extremes and the nmeans is nost inportant and nay be expressed
as follows: -
The product of the extrenes is equal to the product of the nmeans. In this
case 2 x 18 : 3 x 12. It follows that if-three terns of a proportiona
are given the fourth can be found.
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Exoggi gai

Find the first termof a proportional in which 5, 6 and 15 are the
remai ni ng terns.

i.c. Ist term: 5 6 z 15
Ist termx 15 : 6 x 5

5x 6

st term:2 ... 2 : 2

15

1.9. the conplete proportional is 2 : 5: z 6 : 15 ANSVER

| eAN PROPORTI M

When the second and third terns are equal they are said to be the nean
proportional of the extremnes.

0.9. 2: 8: 8: 32

Here the 8 is said to be a mean proportional to 2 and 32.

Note here the inportant point that the nean proportional to two nunbers
is found by faking the square root of their product.

i.0. in this case the nmean proportional to 2 and 32 is:

J2 x 32 :6/64 : 8

Hum BROPORTI ONAL-

The third proportional to two nunbers is the nunmber which bears the same
ratio to the second as the second boats to the first.

e.g. the third proportional to 2 and 6 is 18

because 2 z 6 : 6 : 18
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FOURTH PROPORTI ONAL:
Simlarly the fourth proportional of three nunbers is the nunber which
bears the sane ratio to the last of the three as the second bears to the
first.
e.g. the fourth proportional tol, 2 and 6 is 12 because
1: 2: 6: 12
DI RECT AND | NVERSE PROPORTI ON.
One quantity is said to be directly proportional to or "vary directly’
as anot her, when an increase in value of one produces an increase in
val ue of the other. For exanmple, if one book costs R3, then two books
cost R6, and three books cost RO and so on. In other words the cost
varies directly or is directly proportional to the nunber of books.
Al ternatively one quantity is said to be inversely proportional to,
or to 'vary inversely as another when an increase in the value of one
produces a decrease in the value of the other. For exanple, if one man
can do a piece of work in a certain tine, then two nen could do the
sane anount of work in half the tine, and three men in one third of the
time and so on. In other words, the time taken is inversely proportions
to the number of men working.
USE OF PROPORTI ON
Very many of the problems which occur every day can be sol ved by the
use of proportions. IF three of the terns are given the fourth can
be found.

Exanel e 8:

If 60 men do a piece of work in 40 hours how long will it take 100 nen
to do a simlar piece of work?

h

the ratio of $93

60

Her e because the nunber of nen has been increased in
it is obvious that less tine be required.
As the tinme is inversely proportiona
to the nunber of nmen enpl oyed the
time taken:
40 x $66 : 24 hours ANSVEER
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Exangl e 9:
If 25 netres of cloth cost R37,50 what will be the cost of 35 netres?
Here the cost is directly proportional to the nunber of netres which
has been increased in the ratio g2
25
35 75 35
Cost of 35 nmetres : R37y2 x 53 R E x 53

R52z50 ANSWER
This type of problemcan also be solved by the use of what is known as
the Unitary Method.
UNI TARY METHQOD:
This involves finding the value of one unit and then by nultiplication
the value of the required number of units can be found. This method can
be used to solve exanples 8 and 9.
gxangle 8: (Alternative nethod)
If 60 nen do a piece of work in 40 hours
Then 1 man will do the work in 40 x 60 hours ................ (a)
3.100 men will do the work in W...................... (b)
24 hours ANSVER
Note at (o) the tine is multiplied by the nunber of nen because it is
obvious that 1 man will take |longer than 60 nen.
And at (b) the tinme one nan takes is divided by 100 because 100 nmen wil |
take less time than one man.
Exanel e 9: (Alternative nethod)
If 25 nmetres of cloth cost R37,50

R37z50
Then 1 metre of cloth will cost 25 ........................ (a)
.. 35 metres of cloth will cost Rgzigg X 35 ......... - ..(b)

R52: 50 ANSVER
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Note at (a) it is necessary to divide by 25 because 1 nmetre will cost
| ess than 25 netres.
And at (b) it is necessary to nmultiply by 35 because 35 netres wl|
cost nore than 1 netre.
An inmportant point in the majority of exanples is to leave all the
calculations until the end of the question. It is then possible by
cancelling to sinplify the cal cul ati on which can then be carried out
in the normal way.
Exanmpl es in proportion frequently occur in which three or nore quantities
vary together. These nay be solved in a simlar manner to that outlined
above.
ARI Tt NETI CAL AN) GEMETRI CAL MEANS
The arithnetic mean (A.M) of two nunbers is the average of the nunbers:
e.g. the arithnetic nean of 6 and 12 is 6 Z 12 : 9c
the arithnetic mean of 4 and 7is 4 27 : 5,5
The geonetic mean (G M) of two nunbers is the mean proportional of the
two nunbers
e.g. the geonetrical mean of 4 and 9 is. 4 x 9 : 6
the geonetrical nean of 2 and 32 is V2 x 32 : 8
PERCENTAGES
In the addition, subtraction and conparison of fractions it was first
necessary to change these to new fracti ons having the sane denom nat or
or in other words to express the fractions in the formof sinlar
fractions having a conmon denomi nator. A percentage is such a fraction
in which this denom nator is 100.
Any given fraction may be expressed in the formof a percentage:
t hus:
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rr

% - fgo or 25 per cent

% ; ?ga or 50 per cent

1

% 3363 or 33V3 per cent

Instead of witing the words 'per cent’, the synbol %is generally
used, thus 33y3 per cent could be witten 33y3% The foll ow ng
exanpl es show practical instances of the use of percentages. The

i mportant point to renenber is that a percentage increase or decrease
is always taken with references to the original amunt. Thus, unless
ot herwi se stated, percentage profit is always cal cul ated on the cost
price.

e.g. the percentage profit on an article bought for 10c and sold

for 12c is

16 x 100 or 20% and 921 %3 x 100 or 162/3 %

Exongl e 10:

The popul ation of a town was 459 230 in 1953 and 483 450 in 1973. What
is the increase and percentage in the popul ati on?

I ncrease : 483 450 - 459 230 : 24 220 ANSWER

% I ncrease t | ncrease

Original popul ation

4 ¢ 3

gi azggo x 100 : 5(27% ANSVER

x 100

A town had O population in 1953 of 763 420 and in 1973 of 811 860.
Find the increase and percentage increase in popul ation.

Increase : 811 860 - 763 420 : 48 440 ANSVER.

48 440

% | ncl eosc - 763 420 x 100 : 6:33% ANSVER

Note here that although the increase in the second case is twice the
increase in the first, the percentage increase is not twice as much
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Exanel e 12:
An agent engaged in selling notor cars, receives a conm ssion at the

rate of 12%%4 Wiat will he receive on a car which is sold for R4507?
129%% comni ssi on nmeans that he will receive R12%w on every R100
- - _123: _ a

Anmount received on R450 _ R450 x 100 _ R56EL5 ANSWVERO
The efficiency of a machine is also given as a percentage. In this case
the work given by the machine is expressed as a percentage CF the work
put into the nachine. For exanple, if two nachi nes have efficiencies of
70% and 80% respectively the second is obviously the nore efficient.
In an internal conbustion engine, for exanple, about 33% of the heat
available in the petrol when it explodes is turned into useful work,
This engine therefore has an efficiency of 35% It nowthis drives a
machi ne which is itself 73%efficient then the efficiency of the
conbination is 75% of 33%: % of 35%: zaggu
It can thus be seen that of the total energy avail able uhly 26%% does
useful work, the remaining 73%% bei ng used t0 overcone resistance and
di sappearing as heat |osses.
Exanel e 13:
A man sells a piece of property for R504 and nmakes a profit of 12%
VWhat was the cost of the property?
If the profit was 12%then the selling price was 112% of the outl ay.
112% of the outlay : R504
504
1% of the outlay : RITE
. 10Q% 0 .e. the total outlay : RW®86 x 100
R450 ANSVER
Exangl e 14:
In what proportion nust a merchant nmix tea at 60c/kilogramw th tea at
38c/kilogram so that by selling the mxture at 56c¢/kil ogram he nakes a
profit of 40% °’
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Because profit is 40%then the selling price is 140% of the cost price.
140% of the cost price : 56¢C
. 56
1% of cost price _ 140
100% of cost rice : 7g- x 100
P 140

40c.
Loss on each kilogramof tea at 60c sold for 40c : 20c
Gai n on each kilogramof tea at 38c sold for 40c : 2c
.".He nust nix the teas in the proportion
T90 at 60c er kiloram_ 29 _ 1_
Tea at 38c per kilogram _ 20 _ 10 ANSVER-
Note here that the | oss on the 60c tea nust equal the gain on the 38:
t ea.
This | ast exanpl e shows the use of both proportion and percentage and
nunerous ot her practical exanples of these could be given. Because the
same principles are involved in all exanples on percentage the student
shoul d be able to solve these quite easily whenever he comes across them
Bear in mnd the very inportant point that the percentages are al ways
cal cul ated on the original values.
i PROGRESS QUESTI ONS
No.1l. An indicator diagramis divided into 10 equal parts. |If the
pressures in kil onewons per square netre are 140; 140; 102, 35;
77,75, 59,6; 47; 46,55; 38,05; 33,6 and 30, find the mean or
aver age pressure.
No. 2. The average speed of a train for 3 h 35 min is 42 km per hour am
it is 36%km per hour for the next 1h 48min. Find the tota
di stance travell ed.
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A does a piece of work in 8 days, Bin 12 days and Cin 6

days. If a day’s work of Dis the average of the other three,

how long will D take to do the work?

Find the nmean proportiohal of 0,9 and 2,5.

A bankrupt owes three creditors R250, R350 and R400, respectively.
If R575 is divided anong themin the ratio of their clains,

how much will each receive and how much will be paid in the

Rand?

Di vide R202,16 anpong three persons in the ratio

CA N

.2

"4

01H?-

A cottage is sold for R16 500 thereby gaining 10% Wat did

it cost originally? At what annual rental must it be let in

order to pay 7% on the purchase noney?

(a) What is 5% of R2,907?

(b) _Find the nunmber 33y3 % of which is 40% of 75.

ANSWERS TO PROGRESS QUESTI ONS

Question 1:

An indicator diagramis divided into 10 equal parts. If the pressures in
kil onewm ons per square netre are 140; 140; 102,35; 77,75; 59,6; 47; 46, 55;
38,05; 33,6 and 30, find the mean or average pressure.

Aver age pressure

714,9 _

10

40 e 140t 102 35 e 77 75t 59 6 e 47 t 46 55 e 38 05t 33 6 t 30
J L J J. L L

e

_ 71,49 kil onew ons/sg. m ANSWERQ
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Question 2:
The average speed of a train for 3h 35mn is 42km per hour and it is
36%m per hour for the next 1h 48min. Find the total distance travell ed.
Di stance travelled : average speed x tine
Di stance travelled in first period : 42 x 3% : 150,5 km
Di stance travelled in second period : 36%x 1% : 65,7 km
.’ . Total distance 216l 2km ANSVEER
Question 3:
A does the work in 8 days and therefore does % of the work in 1 day
I k-
B does of the work in 1 day

2
and C does
(3le )-

of the work in 1 day

. At Dt Ctogether do At i t %: 31 21 4
a 12 24

: g4 : g of the work in 1 day

D does the average of A/B and Cin 1 day

i.e. Ddoes % Q3 : i of the work in 1 day.
i.e. Dwill do the work in 8 daxs ANSVER
Question 4:

Find the mean proportional of 0,9 and 2,5

Mean proportional of 0,9 and 2,5 : y/0,9 x 2,5

2,25 : 1L2 ANSVER

Question 5:

A bankrupt owes three creditors R250, R350 and R400, respectively. If
R575 is divided among themin the ratio of their clainms, how much wll
each receive and how nuch will be paid in the rand?
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R575 is to be divided in the ratio 250 : 350 : 400
The denomi nator is 250 e 350-t 400 1000
. 250
. 13? person receives 1000 x 575 : R 43,75
2nd person receives 2380 x 575 : R201, 25 ANSVER
3dc ’'ve ®- x 575 - R230 00
r person re el 5 1000 _ ,
Note as a check the sumR 43,75 t R201,25 t R230,00 : R575
. . R575 1
Amount paid in RL E606 _ RO,575 _ 572c ANSVER
Question 6:
- 234
Dlvlde R202,16 ampbng three persons in the ratio5: Z: 3
R202,16 is to be divided in the ratio %: %: g .
The denominator isz e 2t i : 59 eii t bg - 122
345 60 60 60 _ 60
37: 4o
". |Ist person receives 3 x R202,16 : - x R202,16
m 133
736 : R60I 80 ANSVEER
-3- 45
". 2nd person receives 4 x R02,16 : -- x R202,16
$55 133
60 : R68z40 ANSWER
1 48
". 3rd person receives 5 x R202,16 : --x R202, 16
| 33 133
736 : R72z96 ANSVER
Note as a check that the total does equal R202,16.
Question 7:
A cottage is sold for R16 500 thereby gaining 10% Wat did it cost
originally? At what annual rental must it be let in order to pay 7% on
the purchase noney?
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Because there is a gain of 10%then the selling price is 110% of the

cost price

i.e. 110% of the cost price

1% of the cost price

.".100% of the cost price

Annual rental

Question 8:

[

R16 500

R16 500

110

R16 500

110 ANSVER

x 100 : R15 000

7% of purchase noney

7

R__

100

7% of R16 500 x 16 500

R1155 ANSVEER.

(a) What is 5% of R2,90.

(b) Find the nunber 33y3 % of which is 40% of 75.

5

(0) 5% of R2,90 _ E6 x R2,90

1

26 x R2,90
. 14%. ANSVER (a).
(b) 40%f75 : 111%(75 : 30
Now 33V3 % of a nunber : 30
100
the nunber _ 30 x 5573
: 9 0 ANSVEER (b)
50 813
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A. USE OF LETTERS | N ALGEBRA

Mat hematics is an inmportant science and it is nearly all founded on
Al gebra. Many probl ens can be solved by Al gebra which it would be

i npossible to solve by Arithnetic.

Al gebra is an extension of Arithnetic. In it we extend the processes
and operations of Arithnetic and nmake them nore general. In Arith-
metic we use definite nunmbers and find definite numerical results.
In Al gebra we ngy use definite nunbers but on the whole we dea

with general expressions and general results in which letters re-
present any numnber.

This may seem vague to a beginner, but if we exani ne some easy
exanples in Arithnetic and generalise the results by using letters
it my clarify what is neant.

Exangl es:

1. In Arithnmetic the fact that 2 is added to 7 is represented by
2t 7, soif x represents any nunmber, then x t 7 is the result

of adding x and 7. Mdre generally, if a and b are any two

nunbers then the addition of ato bis at b.

2. In Arithmetic, nunbers can be added in any order, e.g. 2t 7

7t 2. In Algebra at b: bt a and this formof the statenent

i ncl udes any values you wish a and b to represent.

3. W know in Arithrmetic | x 0: QO 2 x 0: 0, etc. This in Al gebra
is stated a x O: 0 where 0 represents 92y nunber

4. If alength 4m is to be cut froma plank 7mlong, the remaining
piece is (7 - 4m i.e. 3m 50 if the plank is ym |ong and

x m are cut off, the piece left is (y - x)m

5. W know 1 nmetre : 100 cm A general statenent of this (to

change a nunber of nmetres to centinetres we multiply by 100)

is

xm x 100 : cm

6. To find the area of a floor 10m long and 9 m broad we
multiply. 50 area : 10 x 9 sq.m This statenment using letters

sould be A: | x b. The letters 1 and b represent any nunbers
providing they are in the sone units.
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7. The distance travelled by a train in 3 hours at 30 k.p.h.
is 3 x 30km

Al gebrically we can say

Distance : t x s

where t is the time taken to travel that distance at a

speed of s.

8. W knowthat 2 x| el is an odd nunber, 2 x 2 s | is an odd
nunber, 2 x 3 e |l is an odd nunber, etc. Al these facts can
be stated sinply in the general statement that 2nt | is an
odd nunber if n is any whol e nunber

9 1n Arithnmetic we learned a rule for cancelling fractions, e

2x327x5

: - 3x73: -

535" .,

X4x 71 5x 88

The general statenent of this rule is

axy _

bxy' ' b

whereby a, b and y represent any nunbers.
yaty _3

Simlarly, b %y b

QUESTI ONS FOR PRACTI CE: (Answers at end of lecture).

1. Wite down: (a) Number of metres in n kilometres.

(b) Number of metres in x centinetres.

(c) Number of nmonths in y years.

(d) Number of cents in a Rand.

2. If you run 7m per sec. how for would you go in (a) 10 secs.
(b) t secs?

3. IF eggs cost 5 cents each how nuch will (a) 12 cost, (b) n
cost, in cents, then in Reno?
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4. In cooking neals for a |large canp %g. potatoes is allowed
per person. How many kg. are needed for (a) 40 people,

(b) x people?

5. Aboy is 18 nonths old. Howold will he be in (a) b years,
(b) 2 nonths (answer in years)?

6. (a) Aman walks x hrs. at y k.p.h. How far does he go?

(b) A man walks O mnutes at b k.p.h. How far does he go?

7. At a football match 9 people each pay h cents for adm ssion.
Gve the total receipts in (0) cents, (b) Rand.

Wite down general statenents for the follow ng:-

8- IAl:2xlI 9. 5AI:1 A5 10. R5:5x100cents

2 A2 2x23A7:7A3R: 3 x 100 cents
3A3: 2x311 A2: 2 A11 RL7 : |17 x100 cents
9 A9 : 2x937A9: 9 A37

32105

1. 2 x 3 _ |1 12. 10c _ 166 R 13. 5% of 27 :166 x 27
i Z- -3L '3

7 x4 1 30c _ 100 R3%of 19 _ 00 x 19

E2- Q 1 2%

9 x5 | 29¢ - 100 R 25% of 20 :166 x 20

14. The sumof the first two odd nunmbers is 2 x
The sum of the first three odd nunbers is 3 x 3.
The sumof the first four odd nunbers is 4 x 4 .
15. iof5:1 16. IAlA :3xl 17. 48m hs: - A&

5 12yrs

| cf7-1 24,2ar2-3 2 5th -5-

7 _ _xms _ 12 yrs

i -3

8of 8_| 3A3A3-3x378mhs _ 12yrs

2.
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18.2x% 1 19.1xl::12 20. 1x1x1 13

3x% | 2x2:22 2x2x2z23

4x% | 3x3:32 3x3x3:33

4x4: 42 4x4x4: 43

21. V2 x 2 : 2 22. 3& : 1 23. 2 x 1 is an even nunber

J3 x 3: 3353 _2x 2 is an even nunber

V4 x 4 : 4353 32 x 3 is an even nunber

/5x5:5 wyt

24, 3 times 1 41 4 tines 1

3tims 545 : 4times 5

3times 19 419 : 4 tines 19

B. NOTATI ON

The synbols 4, -, x, e, have the sane neaning in Al gebra as in
Arithnmetic, but it is not always necessary to wite the x sign. The
product of 3 and 5 in Arithnetic is witten 3 x 5. The product of a
and b in algebra is witten a x b, a. b or sinmply ab. Thus, if O
stands for 3 and b for 5, ab means 3 x 5, 22: 35.

Simlarly, the product of a nunber and a letter, 3 x a, may be
witten 30; always place the number before the letter, thus 30 not
03. Since multiplication by 1 | eaves the nunber unchanged it is
unnecessary to wite the | in such a product, so the expression |la
is never used, but nerely ais witten.

The synbols for roots and powers al so have the sanme nmeaning in

Al gebra as in Arithnmetic. 34 neans 3 x 3 x 3 x 3, and a4 neans

ax axaxa 3V/3 neans the cube root of 8 and 33/; neans the
cube root of a.
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If a nunber can be expressed as the product of two equal factors,
one of these factors is said to be a square root of the given
expression, thusx/gz : 8. If the expression is the product of 7
equal factors, one of these factors is called a seventh root of the
gi ven expression, 71/128 : 2 1 If the expression is the product
of n equal factors, one of those factors is the nth root of the
expression nvVc:n : a.

The synbols ( and ) nmean ’'less than’ and ’'greater than’, e.g.

X(2 means x is less than 2, x)2 neans x is greater than 2, x42
neans x is equal to or less than 2, and 3()((5 neans x is greater
than 3 but |ess than 5.

Exanel e 10:

VWhat is the nmeaning of 2x - 1? What is its value when x : 3?

Thi s expression neans that a nunber x is multiplied by 2, and | is
sugtracted fromthe product. Wen x : 3, 2x - | : 2 x 3 -1 :6-1
(This value could, of course, have been worked nmentally).

Exangl e 11:

If az 1 and b : 2 what is the value of 2a2 4 Gab?
22 t 3ab: 2 x 12t 3 x 1 x2: 216: 8,

(N.B. I: : | and all powers of | are 1. This may be generalised as
1:1).

QUESTI ONS FOR PRACTI CE

25. If a: I, b: 2 x: 3, y: 0, find the value of the foll ow ng: -

(i) at b, (ii) b10 (iii) ab (iv) xy
(v) 3a2 (vi) 2x3 (vii) 2& (viii)
X-d

TToZT

1!

—_X

2, find the value of the foll oWng: -

(i) x2 _ 1 (ii) 3x2 _ 2x (iii) x3 1 3xt 1
(iv) x212 (v) 1% (vi) %

X
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(vii) x5 (viii) 5x

27. If x : | andy : 9, find the value of:-

(1) xy (ii) x3y (iii) 3xy2 (iv) 3 VC5"

(v) 3 v5? (vi) v12? (vii) 25 %x (viii) %- Xx

Study carefully the working of the follow ng exanples: -
Exanel e 12:

a 3 bis the square root of 02 3 20b 3 b2. Show that this is true
when a : 5 and b : 3.

02 320b3b2: 2532x15i 9: 64

a3b: 5338 and 82 : 64

Exanel e 13:

2 - y2. Show that this is true when x : 7,
"o 0-

Xy is a factor of x

y 4.

X2 - y2: 49 - 16 : 33
x 3y : 734 : 11. Factors of 33 are 3 and 11
Exanele 1 :
If the diameter of a circle is d cm its area is approxi mately
%We2 square cm Find the area of a circle whose diameter is
5cm to one decimal place.
Area : %Wbox 25 sg. cnR
% sq. O
19,6 sg. cnR to one deci mal place.
(N.B. The unit of area nust not be forgotten).
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C. ADDI TI ON AhD SUBTRACTI ON

1. Like Terns:

Consi der the foll ow ng: -

3334-3333333z3x6

T4-7i-74v74-7-1-7:7x6

In the sane way

X3 x3x3x2x3x: xXx 6 or 6x and

y 3y 3y 3y 3y : 5y.

QUESTI ONS FOR PRACTI CE

28. Wite down the value of:-

(i) a3aya3do0, (ii) b2 3 b2 3 b2 3 b2 3 b2
(iii) ab 3 ob, (iv) xyx3x3xy...to 17 term
We can continue this process for any nunber of terns and may
extend it to include subtraction, e.g.
333y333y3-3-35%x3-2x3:3x3

73737373737 -7-7-7:6x7-3x7:3xT7
X3 Xx3x2x3x-Xx-Xx: 5x-2x: 3X

29. Wite down the value of the follow ng:-

(i) 4 x 11y 8 x 11 (do not work out)

(ii) 4x .u 8x

(iii) 7x 3 5x

(iv) 7 x 13 - 2 x 13
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(v) 7xo0-2x20

(vi) 1102 - 302

(vii) 13 x 2 - 2

(viii) 13x - X

(ix) xy o |3xy

(x) 1Zob - 7o0b

These exanples all ha e a sinmpler form because the terns are

alike, i.e., xt x, a and 02, ab and ab. In this connection
you nust renenber that be is the some as ab (being the product
of a and b), and, therefore, ab and be are 'like ternms.

Only like ternms can be added and subtracted in this way to
give a sinpler form This process is known as collecting tel Ms.
Unl i ke Terns.

Terms which contain different letters or different powers of
the same letter are called unlike terns and these cannot be
collected to give a sinpler form If you add x to x, the
result is 2x; if you add x to y the result is x t y whigh has
no sinpler form Similarly the result of adding x and x is

x t x2 and of adding x and 2 is x t 2.

It is inperative that you grasp this now, and you nust be
careful not to confuse addition with nultiplication

Xx t y has no sinpler formbut x x y is witten xy.

2 has no sinpler formbut x x x2 is x3.

xt x

X # 2 has no sinmpler formbut x x 2 is 2x.

The sane rule of like terns applies to subtraction

5x - 2x : 3Xx but 5x - 2y has no sinpler form

5x2 - 2x2 : 3x2 but 5x2 - 2x has no sinpler form

2

X - 2 also has no sinpler form nor has x2 - x.
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PAGE 9.

You can only collect terns if the letters are the sonme and
the Bowers are the sane. xy and yx are like terns and can
be coll ected, x

t yx @ 2xy (or 2yx). 3xy - yx : 2xy

(or 2yx); but x y and y2x are not alike and cannot be
col | ect ed.

QUESTI ONS FOR PRACTI CE

Now work the followi ng, witing down the answers only and
putting 'no sinpler formi or sinply a dash if you think the
ternms cannot be collected. Wrk themall before |ooking
for the answers at the end of this |ecture.

30. Simplify:-

3x e 2x e X

5x - 3x e x

Xy - 2x ey

31. Sinmplify:-

(1)

(iii)

PONERS

3a - 20

X ey e Xxy

xel exe2exes3s

X ez2xy - x 2

30 e2beueb

3x t 2y ey

5x - 3x - 2y

7Xx2-2%x2-1-5x-5

aeaeaeb- 3

Xexexeyeyey

ae2be30edbeb

30b - 3bc - bu

X2 - 2y2 e 322 - X2

e 3y2 - 22

If an answer to a sumcontains several different letters, the
terns should be arranged in al phabetical order; this is not
essential, however, and if the termin a is negative it nmay
be left till later, e.g., -30t 2b can be witten as 2b - 30;
but you shoul d keep some order in your answer, thus:

20 - 2bec - de 3x - yis better than 20 e c e 3x - 2b - d - y.
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If the answer contains several different powers these should
be arranged either in ascending or in descendi ng order
Renmenber that the nunerical termis the O power and that x
is really xI. Thus the correct order of 30t 02 - 203 e 404 -
1lis:

404 - 2&B 't a2t 30 - | in descendi ng order

4

or -1t 30t 02 - 203t 40 in ascending order

and the expression has no shorter form

Notice that each termhas its own sign e-or - and that these
natural ly cannot be transferred: the nunerical termis - 1,
whether it cones first or last. This nunmerical termis sone-
times called the constant termsince its value is quite

i ndependent of the value of x.

Study carefully the foll owi ng exanpl e:

Exanel e 15:

Arrange the follow ng expressions (i) in ascending order,
(ii) in descending order, and find their value when x : 10.
(i) 3x2 ebxt x3t 2 (ii) 1t 3x2t 2xt 5x4 e 4x3

(iii) 5- x2 e 2x4 - 3x e x3 (iv) x5t x3ex -1 - x2- x4
The answers are as foll ows: -

(i) 2t bxt 3x2t x3: x3t 3x2t 5xt 2: 1 352

(ii) 1t 2xt 3x2t 4x3 e 5x4 : 5x4 t 4x3 t 3x2 t 2x t

54 321

(iii) 5- 3x _ x2 e x3t 2x4: 2x4t x3 - x2 - 3x e 5: 20 875
(iv) -1t x- x2t x3- x4t x5: x5- x4t x3-x2tx-1":
90 909
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QUESTI ONS FOR PRACTI CE

32. Arrange the following in descending powers of x and find their
val ue when x : 10:-

(i) 4x3-i-3x24-5x4-r2x4.6x54-1

(ii) 2x2 3x3 X 4x4

(iii) 2x3 4x5 - x2 - 3x4

(iv) x4 x2 - | X x3

33. Simplify the followi ng where possi bl e: -
(i) a34.024-a-1-024-11-a

(ii) b4 4b b2 2

(iii) c2 O

(iv) 2d _ d2

(v) 2x2 - 2 3x - 3

(vi) y3 2y3 3y3

(vii) 4x2 3x 2 - 2X 3x2

(viii) x2 - 1 X 2

(ix) x2 2x Xy

(x) x3 - 3xy 2y

Do MULTI PLI CATI ON AhD DI VI SI ON

1. MULTI PLI CATI ON
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X XYy X z: Xyz, X x 2: 2x and x x x2 : Xx3.
or &, x % x2
NI X
.., X
In the sane way x 7y : 5 xT2: 2
y X
I
and the factor x cancels |eaving ;
Renmenmber any nunber goes into itself once. Do not inmagine
that 6 e 6 : G 6 x| : 6, therefore 6 f 6 : 1
There is only one nunber which has a factor 0 and that is O
itself. This cannot be sufficiently enphasised. There are
those who believe that if you multiply O by a | arge enough
nunber you will get sonmething, but even a mllion tines O is
still O.
The nmultiplying of different letters is easy: you sinmply
wite themtogether with no sign, a x b x ¢ x d : obcd. The
nunerical factors are produet, e.g., 30 x 2b x 4c x d : 24
obcd, 3xy x 2 : 6xy. (The word 'literal’ neans ’'expressed by
letters of the al phabet’; e.g., in the exanples just quoted
abcd and xy ore literal products).
The rule for multiplying together powers of the sane letter is
add the indices. The reason for this is obvious, since the
i ndex gives the nunber of factors: x4 nmeans 4 factors of x, x3
means 3 factors of x. Therefore, in x4 x x3 there will be 4
factor3 of ; plus 3 factors of x or 7 factors in all, hence
X4 X X @ X .
Simlarly, X5 X X2 : X X X X X X X X X X X X X : X7
BX5 X 2X2 : 5 X X X X X X X X X X X 2 X X X X

10x7
Be sure to multiply together the numerical factors, e.g.
30b x 202b is 3 x ax bx 2x 0xaxb: 603b2. Do not

actually wite out the factors in full in this way. |magine
themwitten down and nerely wite the answer.
Exangl e 16:

Study the following carefully and make a list of those suns
whi ch are worked wongly. The corrections are given bel ow, but
work them for yourself first.
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(a) 3x3 x 4x4 : 7x7 (b) 2x5 x 5x2 : 10 x10

(c) ax 20 : 302 (d) a3 x 03 : a6

(e) 3e x a2 z 303. (f) 20 x 02 : 303

(9) 30b x 20b2 2 602b3 (h) 20 x ab : 202b

(i) x x x2 x x3: x6 (j) 2x x 3x x X : 6x3

Nunbers (0), (b), (c) and (f) are wong, the correct

answers to these are 12x7, 10x7, 202, 203.

Dl VI SI ON

Since division is the opposite of nmultiplication, the rule for
division is to subtract the indices, e.g., x7t x3 : x2, y9t
y4 : y5. You can easily verify this by witing the expression
in full and cancelling: -

X7 X5 7 X X XXX XXX XXX XX x2

X X X X X X X X X

6x3 4 2x2 : 6 X X X X X X @ 3X

T2 X X X X

10x5 % 5x : 2x4

Renenmber, only factors nay be cancel |l ed

X2 % 2x x X X

D2

2 X X

2 is not a factor of x

NI X

Exanel e 17:

Study the followi ng carefully, giving the correct answers to
these that are marked wong (X). Are any of the others wong?
(a) x5 %x4 : x (b) a4 %4a : 1 (x)

(c) 03t Oz 02 (d) 202 %2a : 2 (x)

4 . _ i 353

(e) x 7 4x - 4x or 4 (f) x2y _ xy2 : | (X

(9) ab %ba : O(X) (h) 5x5 _ 3x3 : Egg

2

(i) x3y2 %6xy : 5-x or W2y (j) x2y % 2X : EX
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The answers to (b), (d), (f) and (9) should be 9%

(or 993), a, 5 and |. The others are correct.
QUESTI ONS FOR PRACTI CE
34. Sinplify:

(i) 30 x 30 x 30 (ii) 8x3 e 2x2

(iii) 30b x 2bc (iv) 2y3 x 3y2

(v) 1203b2c e 6abc (vi) 3x2y %ya

(vii) 2a x b2 e ab (viii) xzy %yx2

(ix) 3X X 2X2 X X3 (X) 3x2 x 3x2 % 3x3

Just as division is the reverse of nultiplication, so the
extracting of a root is the reverse of raising to a power.
Since 33 : 3 x 3 x 327, theni/E7 : 3

251 2 x 2 x2x2x2: 32, then %52 z 2

You nust distinguish between 3 V; where 3 is a factor
mulitiplying the square root of x, and 3 V;, , where the 3

i ndicates that the cube root is requ Thus 5V, is five

"red.

times the square root of x, whereas g V; is the fifth root
of Xx.

Do not confuse powers with factors:- x8 - x x x x X, 3x x or
X € X s X. The figure before the x which nultiplies it is also
called a coefficient. Thus in 3x, 3 is the coefficient of x.
QUESTI ONS FOR PRACTI CE

35. Wite down: -

(a) The cube of 2x, 302 and abs.

(b) The square of 2x, 302 Ond abs.



c) A square root of x4, 9x2 and 1602b6.
d) A cube root of 803, 27a9 and 12503b6.
e) Afifth roof of x5, 015 and 32bl o.

ANSWERS TO PRACTI CE QUESTI ONS

. X

| OOOn m 166 m 12y nonths, 1000 cents.
70m 7t m (This is simlar to Exanple 7).
(0) 60C or R 60; (b) 5n cents or R EC

X

20 kg, _ 2 kg,

1% A b years old; 181; z or 1% A % years old
X km 22 kmi (" e 2 x b)

y ' 60" 1" " 60 A

. 9h

gh cents, R 100’

a Aa: 20.

aAb: bAa

Rx : 100x cents.

ab

bx;: 1.

X

x cents : R100.

ax

a per cent of x - 160

The sum of the first n odd nunbers is n2.
1

- ofa:l.

O

aAaAa: 3 x aor 30
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17. p months : f2 years.

18. nx i : |I.

n

19. a x a

I

0

21. vG;"E : a

22. 3J:5 . a
r

23. 2 X nor 2n is an even nunber.

24, 3 times a1l o: 4times aor 3al a: 4a

25. (i) 3, (ii) 3, (iii) 2, (iv) o, (v) 3, (vi) 54,
(vii) 7,5; (viii) 1,

26. (i) 3, (ii) 8, (111) 15, (iv) 1, (v) 2, (vi) 1

(vii) 32, (viii) 10.

27. (1) 9, (11) 9, (iii) 243, (iv) 9, (v) 3, (vi) 6,
(vii) 6, (viii) 2.

28. 40, 5b2, Zab, 17x.

29. 12 x 11, 12x, 12x,5 x 13, 50, 802, 24, 12x, |4xy, 50b.

30. 6x, 3x 1 3y, 3x, 2x - 2y, 7xy - 2x 1y (no sinmpler form,

5x2 1 5x - 5.

31. 0, 3alb- 3, x1y1lxy(nosinpler form, 3x 1 3y, 3x 1 6,
4a 1 6b 15, 2y _ 2, 2gb - 3bc, 4a 1 3b, y2 1 222

32. 6x5 1 5x4 1 4x3 1 3x2 1 2x 1 1, 654 321

4x4 1 3x3 1 2x2 1 x, 43 210.
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4x5 - 3x4 2x3 - x2, 371 900.

x4 x3 X2 x - 1, 11 109

33. a3 2a2 2a 1, b4 b2 4b 2, c2 c, 2d - d2,

2

2Xx2 3x - 5, 6y3, 7x2 X 2, X2 X [, X Xy 2X,

X3 -3xy 2y.

34. 27a3, 4x, 6ab2c, 6y5, 202b, 25%, 2b, 1, 6x6, 3x

35. 8x3, 2706, a3b9, 4x2, 9a4, a2z6, x2, 3x, 40b3, 20, 3a3,
X, a3, 2b2.

RRC 4944

50b2,






BRACKETS.

A0 MULTI PLI CATI ON AND DI VI SI ON

In Arithnetic, anything which is enclosed in brackets is to be
worked first - the order being Brackets, Miltiplication, Division
Addition and Subtraction, working fromleft to right. This applies
also to Algebra, but in sonme cases the process within the brackets
cannot be performed unl ess the values of the letters are known,
and we have to use a different nethod of sinplifying.

Consi der the follow ng expressions:- (1) 2 x 3 # 5, (ii) 2 x (3

e 5, (iii) 2x ey, (iv) 2(x t y). If these are stated in

words, we have - Multiply 3 by 2 and add 5 for (i). Simlarly,
(iii) means "multiply x by 2 and add y’. On the other hand, for (ii)
we nust first add 3 to 5 and then multiply the result by 2;
simlarly in (iv) the sumof x and y is to be doubl ed.

Notice that the nunerical results of (i) and (ii) are quite

different (Il, 16) but that (ii) is the sanme as adding twice 3 to
twice 5. In the sane way if we add 10 x 3 to 10 x 7 we get 10 x
(34-7)or1 OC, -9xI 1 -1-9x1 3:9(I'1-PI 3).

This is the sane for all nunerical cases and nay be generalised as
ax e ay : a(x t y). So that although a(x t y) neans multiply the
sumof x and y by a, we can work it out w thout know ng the val ues
of a, X, V.

This can al so be shown by a di agram

The area of the whole figure is equal to the sumof the areas of
the parts:a(x e y) : ax e ay.

By reversing the process we get the rule for division,

a(x #vy)

X #y

since ax e ay

(ax e ay) %a
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01 (IX4

D Xe

ay

If ax is the number n and ay the nunber m this becones

m

(mhrntm: 2i-

0000

Choose different values for n, m a and work out a few such suns.
B. ADDI TI ON AND SUBTRACTI ON

2.

ADDI NG BRACKETS:

Conpare 3t 5e 7 and 3 e (5t 7)

[1-0-7-20ndlli-(7-2).

The results are the sane, and this is true for all such
additions. The sumof x, y and z is the sone as the result

of adding x to the sumof y and z.

e.g. xt (yez): x#yezandxe (y-12):xty-2

In fact at sign in front of a bracket has no effect on the
bracket; not so for subtraction

SUBTRACTI NG BRACKETS:

Conpare (i) 10 - (3t 5) with (ii) 10 - 3 e 5. The first neans
from 10 take the sumof 3 and 5, the second neans from 10 take
3, then add 5. The difference in the two expressions is that
in (i) both the 3 and the 5 are to be subtracted, not the 3
only - it may be worded 'from 10 take away 5 nore than 3’ -

in (ii) only the 3 is subtracted and the 5 is added.

Consi der this problem -

The total weight of 3 packages is 17 k9,, if two are known to
weigh 5 kg. and 9 kg. respectively, what is the weight of the
third? Answer 3kg. This could be obtained in two ways - either
add 5 and 9 together and take fromthe whole - or take each
package away separately.
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A man has 20 coins, 7 are 10c pieces, 4 are |lc pieces; how
many are neither 10c pieces nor |c pieces? Answer 9. This

can be worked as 7 e 4 are | Cc pieces and 1c pieces.
Therefore 20 "-(7 e 4) are neither

O, as 20 - 7 are not 10c pieces, i.e., 13.

13 - 4 are neither 10c pieces nor |c pieces.

This is perfectly general rule and may be witten thus
a-(bec): a-»>b- c.

In words: if the sumof b and c is taken froma, the result is
the same as if b and c are both taken fromO

Consider a - (b - ¢). This neans that the difference of b and
¢ has to be taken froma (or b less ¢ fromo). If we take b
we take too much and nust put sonething back; how nuch?

vagrq 7&7 .. _. . _,

A man earns a Rand and pays b Rand tax; this is ¢ Rahd-too nmuch ""
tax. What tax should he have pai d? How nmuch has he left?

He shoul d have paid (b - ¢) Rand tax

He will have left a - (b - ¢) Rand

If he has already paid b Rand tax, he will have only

(a - b) Rand.

When the excess is refunded he will have ¢ - b e ¢ Rand.

Take a nunerical example: 17 - (9 - 2). If you take 9 from
17 you have taken too nuch - and must put back 2, therefore
17 - (9 - 2) : 17 - 9 e 2

5-(4-1) : 5-4s1 : 2

This also is a general rule:-

a-(b-<c¢): a-bec

Work ot her nunerical exanples till you are sure of the two '’
rul es for subtracting brackets.
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We have now gi ven you four general rules for addition and
subtraction of brackets. They nust be conpletely understood,
SO we are repeating them again: -

e(ytz): xtytz
t (Y-2):xty-z
- (bec)y:a-b-c
a-(b-1c¢c):a-Dbec
These four rules for addition and subtraction can be stated
as follows (and you nust nenorise them: -
If a bracket has a e sign before it, when the bracket is
renoved the sign of each termis unchanged.
If a bracket has a - sign before it, when the bracket is
renoved the sign of each termis changed (t becones -
and - becones t).
Do not change the sign unless you renove the bracket. If the
bracket has a nunber or letter inmediately in front of it
this rule of signs is not affected, but the rule for nultipli-
cation applies also - everything within the bracket nust be
multiplied by the termoutside the bracket, e.g.

X
X
a

N

\Y,

Il

Xt 2(yext 2yt 22

H

x e 2(y - z) x #2y - 22
X - o(y e 2)

X - 0y - oz

X

- a(y - z) : x - ay e 02

The rules for addition and subtraction nust be adhered to when
brackets are inserted, thus:-

X e 5y e 52 beconmes x e 5(y e z)

at 2b - 26 beconmes at 2(b - ¢)

but x - 5y t 52 beconmes x - 5(y - 2z)

and o - 2b - 2c becones a - 2(b t c)
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Be very careful about this.

Mnus in front of a bracket changes the sign inside, but not
till the bracket is renoved.

Never wite a - b(c e d) : a (be - bd) (Wong)

This should be a - b(ct d) : a- bc -

Remenber that each termhas its own sign, and if you change
the order of the ternms be careful that each one has the
correct sign.

QUESTI ONS FOR PRACTI CE

1. Renove the brackets fromthe follow ng, and collect terns
when possi bl e: -

(i) x - (y 5a 32) (ii) 3x - (x - 3)

(i) xt 3(y # x) (iv) 4x e 2(x - vYy)

(v) a(b - c¢c) - b(c - a)(vi) alaeb#2)t 2(aeb- 2
(vii) (y Ix z)x t y 4- xz (viii) (x3 e 3::2 4- 2x) e X
(ix) 02t b2t 2ab - a(b - a) e b(a - b)

(x) (14x2y _ 7xy2) %7y

2. Use brackets for the follow ng: -

(a) A man buys x articles at p cents and y articles at

9 cents each; find his change in 10c pieces from

a one Rand note.

(b) In a class of mstudents, n students are away but

k new ones cone; how nmany will be present?

(c) Think of a nunber x, subtract y, and double the

result, again subtract y and double the result.

(d) From x student subtract half the difference

of y and 2.
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C. MORE COWPLEX BRACKETS:

It is sonetinmes necessary to have nore than one set of brackets.
In such cases, the inner brackets are renoved or sinplified first,
e.g.

3 Bu- 2(b-¢)j: 3fa-2b 2cj : 30 - 6b 6¢

2(0 _Eb - (c-d)J) : 2(a- Eb-c dl) : 20 - 2b 2c - 2d
Instead of a bracket O bar is sonetimes placed above an expression;
this has exactly the same neaning as a bracket, thus

2(x ;- i) 12(x y - 2), etc., and

2(x -y z) : 2(x -y - 2), etc.

Sinplify afb (c - J1"E)J akEb c-d- el

ab ac - ad - ae

QUESTI ONS FOR PRACTI CE:

3. Sinmplify (i) 3x2 - 2Ex - (x2 - 2X)J

(i) 3(x-y) _2(x y)J xy

(iii) 1 # xH x(1 x| X)J

4. Renove brackets fromthe following and sinplify the result
wher e possible: -

(i) 3(2x - 1) 4(1 _ x)

(i) x(x2 _ 1) 2(x - 3)

(iii) 20(x - vy) 3b(y - Xx)

(iv) a(a - b) b(b - a)

(V) 5(x2 - x - 1) - x(x - b)

(vi) 30(0 - 3) - 4b(b - 4)
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(vii) 4(x - 7) - 7(x - 4)

(viii) 7 (3k - 5n; 5m - 6k(3 - n - m

(iX) x(y - 2) - 2(x -y) ; y(z - X

() 2(X -y -2 -3y-2z-X |

5. Fill inthe mssing terns in the foll ow ng: -

(i) 30- 3b-2x-2y: () -2¢()

(ii) 02 ; 0x2 - bx2 ; b: a( ) - b()

a( ) ; b()

kiii) X2 ; Xy ; xz - yz : x() ; Z()

X() 5 y()

6. Sinplify (i) (403 # 402 - 80) % 40

(ii) (02 - ax - ay) %a
(iii) (10a3 - 1502y) %50
(iv) (8a2b2 ; 60b) % 2ab
(v) (02 - 20) %a

ANSWERS TO PRACTI CE QUESTI ONS

1. x -y - 32; 2x; 3; 4x ; 3y; 6xl-

2

20b - ac - bc; a

X2 ; 3x ; 2; 2a2 ; 20b; 2x2 - xy.
; ab ; da ; 2b - 4; xy ; 2x2 ; vy;

2. 10 - 25-1-31 10c pieces; m- (n -

2y,

k) ;

2E2(X - )

- )
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3. 5x2 - 6x; X S5y xy; 1 X X2 x3 xX4.

4. 2x l; x3 X - 6; 20x - 20y 3by - 3bx;

02 -r b2 - 20b; 4x2 - %

I

302 - 4b2 - 90 J, 16b; -3x;

3k - 35n 35m  6nk 6km 2yz - 22x; 52 - x - b5y.
5. 3(0 - b) - 2(x Y); a(a x2) - b(x2 - 1);

0o(0 x2) Jr b(1l - x2); x(x "0 y) ,L z(x - vy);

X( X Z) y(x - Y).

6. 02 a- 2, a- x -y, 202 - 30y; 40b 3; a- 2.
RRC 4945



FORMULAE

A. i LI TERAL PROBLEMS:

A formula is a general statenment, using letters, which includes
all particular nunerical exanples.

When faced with a nore difficult literal problem always invent
for yourself a simlar nunerical problem work this first and
then performthe parallel working with letters instead of nunbers.
Renenmber that the letters stand nmerely for numbers not for
guantities, and therefore the unit (cents, feet, etc.)nust be
expressed. Never say ’'The speed of the trainis x', 'The cost is
3’ ,etc. Say, 'The speed is x k.p.h.’, and 'The cost is 3 cents’.
It is sonetinmes necessary to distinguish between even and odd
nunbers. Since all even nunbers are nultiples of 2, such a nunber
may be represented by 2n; by giving n the values 1, 2, 3, etc.,
consecutively, we obtain the even nunbers 2, 4, 6, etc.

2n, 2n 0 2, 2n # 4, 2n - 2 will represent even nunbers whereas
2n s 1, 2n - 3, etc., will be always odd nunbers.
Exanel e 1:

If atrainis observed to travel x netres in t seconds, what
isits speed in k.p.h.?
Int seconds it travels x netres.

X X 60 x 60
Hence in 60 x 60 seconds it travels ; netres.
X 392! |

i.e., in 1 hour it travels t x 1555 km

18

Speed is 3-? k.p.h.
Exanel e 2:
If a nen do a piece of work in x days, howlong will it take

b nen to do the sane piece of work?
(Use nunbers, for exanmple - if 15 men take 3 days to do the work
how long will 10 men take?
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1f 15 men take 3 days then 10 nen take 2 $015
days

N.B. 10 nen take | onger.)

If a men take x days

Then b men take x x E days

. ax
TInmc taken : - days

b

Exanel e 3:

If the hot tap fills a both in x mnutes, and the cold tap in
y minutes, howlong will it take to fill if they are turned

on together?

(Use nunbers, for exanple _ hot tap takes 17 m nutes
cold tap takes 13 mi nutes.

1

In 1 min. hot tap fills 17 of both, cold top 15 of bath
I B

Therefore, 1n 1 nmxn. both taps f111 17 $ 13 of both
13 1 17

: 13 x 17 of both

If 17 9915 of bath takes 1 mn. to fill,

Then % : 13 of bath takes 1Z %%12 nins.)

Hot tap takes x mins.; cold tap takes y mns.

In1 mn. hot tap fills % of the both

In 1 min. cold tap fills %of the both

In 1 mn. they together fill %1 i : X;$_5 of bath
1-2;5 of bath takes 1 mn.

Therefore 51 takes _ 5X  mns.

Xy X4ly

It takes __EX nins. to fill.

Xyy
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QUESTBDNS FOR PRACTI CE:

. Apman travels at x k.p.h. How far will he walk in (i) O hours,
(ii) b mnutes? (iii) Howlong will it take himto walk ¢ kn®?

2. If the exchange rate is x francs to the Rand, express (i) Ry
in francs, (ii) 2 francs in Rand.

3. If x men can harvest a crop of potatoes in y days, how | ong
will mmen take?

4. If Income Tax is Xc. in the Rand, what gross income will yield
Ry net income? What will be the net incone froma gross incone

of R2?

5. Aroomis xm long and y m wide. If it is z m high what is
the area of the four walls? If there is a carpet am by b m

in the room what is the area of the border round it?

6. 8 kilonetres are approximately equal to 5 mles. Find a fornmula
for converting mles to kilonetres.

7. Find a formula to express in cents per gm O price given in
Rand per kg.

B. SUBSTI TUTI ON:

We will now consider problens in which nunmbers are substituted for
letters in a formula, with the exception of one letter. W have to
find the unknown value of this letter.

Before substituting in a fornula, see that all your quantities are in

the correct units.

Study the follow ng exanples very carefully:-

Exangl e 4:

If s : utt %t2, find 5 when u - 18, f : 32 and t : 2.
s 18 x 2t %x 32 x 22

. 36 e 64

s : 100



FORMULAE. PAGE 4.
Exanel e 5:
L. ..
If the formula T : 213/; glves the tine T secs. for a sw ng
of a pendulum of length L netres, find the time of a sw ng of
o0 g mpendulum if g : 10 and7r : 2;
22 5
T22x 7 x 8.10
22 |
2 X 7 x VIE
2x2.2x1 11
74 7
Time : 1; secs. or 1,57 secs. to 2 decimal places.
Exangl e 6:
. PRT .
In the slnple Lnterest formula | : $66, R 15 the rate per cent
per annumand T the tinme. Find the sinple interest on R375 at
4 per cent for 216 days.
216
T255
. I _ 375 x 4 qgig
' 7 100 x 365
QUESTI ONS FOR PRACTI CE
8. The formula for the volunme of a sphereis V: %wra wherer is
the radius. 22

Find the volune of a sphere of dianmeter 7 cmif zr : -7 If the
surface area is given by S: 41F r2, find the area of the above
Sphere.

.. ron

9. The harnula for conpound 1lnterest Isl : P EI t 100) - il
where RP is the principal, | per cent the rate and n the nunber
of years. Find the conmpound interest on R400 at 5 per cent for
4 years.

10. To convert tenperature readings from Fahrenheit to Centi grade,
subtract 32 and multiply by five-ninths. Find a fornula to
express this. Wiat is the Centigrade reading of (i) 400 Fahren-
heit? (ii) 2120 Fahrenheit?
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C. | THE NEED FOR UNI TSzl

There are one or two mstakes in connection with formul ae which
occur very frequently. Sone of these are given in the follow ng
exanpl es. Correct them

(a) If 1 kg. of tea costs x, then 7 kg. cost 7x.

(b) If the length of a rectangle is O cm and its width is b cm,
its area is ab cm

(c) Let the price of sugar be x cents.

(d) If the speed of atrainis x and the tine is y, the distance is
Xy.

The correct form of these is given bel ow -

(a) If 1 kg. of tea costs x cents, 7 kg. cost 7x cents.

(b) Its area is ab sguare centinetres.

(c) Let the price of 1 kg. of sugar be x cents, or let the price of
sugar be x cents per kg.

(d) If the speed is x k.E.h. and the time is y hours, the distance
is xy kilonetres.

ANSVERS TO PRACTI CE QUESTI ONS

1. Speed : x k.p.h. (i) I'n O hours he goes ex km

.. . bx

(11) In b mnutes he goes 36 km

(iii) He walks ¢ km in & hours.

2. Rl : francs. (i) Ry

xy francs.

(ii) 2 francs : RE
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x men take y days hi man takes xy dast

Therefore m nmen take 51 days

N.B. 1 man takes |onger than x nen.

Tax on RL is Xc therefore RL yields R(I - 166) net incone
100 - x .

R(-166-) is net incone fromR1

Ry is the net inconme from R(-J$XhL-O

100 x x

Rz yields R(ZEIOO _ XJ )

100

Area of 4 walls is 22 (x t y) nR.

Area of floor is xy n2 : area of carpet is ab n2.
Therefore area of border is (xy - ob) nf.

8 km : 5 mles, therefore, x mles : g? km

Therefore K- -2x gives the fornula; x gives the nmles and K
the kil ometres.

Let RP be the cost of 1 kg.

Then 1 000 9. cost P x 100 cents

P. 100 P
1000 : IBi cents
| 9. costs

Hence p ; $6 is the fornula, where Pis the price in Rand per
kg. and p is the price in cents per g.
V. 5-wsr3. r @ 3,5 1r : 22

3117

V1 22 x2 77 _ 11 x 49 _ 222

"3 2H??t 3 _ 3

Vol une : 17: % cn8.

5:47rr 3,,572L;

rl :

S : ng?; 154

Surface area _ -154 cne
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In

9. I:P((l-PibB)-1) (P-400,r-5,n_4)
| : 400((1,05)4 _ 1) Now 1,052

1, 1025
1,10254 1,216 appr ox.
Hence | : 400 (0, 216) : 86,4

Answer : R86 to the nearest R

10. If QGO is the Centigrade readi ng corresponding to FO Fahrenheit
Then ¢ : g(r - 32)

40, c¢ : 2(40 - 32) z 59

(i) Wen F 9

[l

The reading is 4, 40C

(ii) when F: 212, ¢ : g(zlz _ 32) : g x 180

The reading is 1000C

RRC 4946
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DI RECTED NUMBERS

A. NEGATI VE QUANTI TI ES:

You will realise that in Algebra there are two cl asses of nunbers,
positive nunbers and negative nunbers.

If we begin fromO and continually add on one, we have the ordinary
arithmetical nunbers:-

1, 2, 3, 4, 5, and so on

These nunmbers are called positive nunmbers, and we can, if we |ike,
prefix the sign e to each of them thus

#1, 4-2, 4-3, e4d, 4-5,

Simlarly, if we start with O and continually subtract one, we have
a different series of numbers, called negative nunbers, and disting-
ui shed by the sign:

Thus -1, -2, -3, -4, -5, .....

The negative sign nmust never be omtted. Observe that it is usua

to omt the positive signin Arithnetic.

The inmportant point to note is that the negative sign shows what

ki nd of nunber we are dealing with. It does not nmerely nean 'subtrcct!
If we wite down -9, the negative sign shows us that here is a
negative number 9. But, we are not directed to subtract 9 from any
ot her quantity.

Here is another method of explaining negative nunbers. Take the case
of a thernoneter in the Centigrade Scale. On this scale, freezing
point is indicated by zero, or G boiling point by 100. Should the
tenmperature fall bel ow freezing point, say 9 degrees, we should
denote this tenperature by '-9

-90 neans 9 degrees bel ow zero.

Arise of 30 fromthis -90 will bring the tenperature to -60.
Therefore, -90t 30 : -60. (If we add 3 to -9, we get -6).

A fall of 30 fromthis sanme -90 brings us, on the scale, to inQO

0

Hence -90 -3 : -l:0
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Agai n, beginning frog -90, a rise 3f 120 brings us to #30.

Thus, -90 e 120 : e3 , or sinmply 3 .

Now, suppose we start from 120, and the tenperature falls 150.
In this case, 4-120 - 150 : -30.

It is very useful practice to work out several of these exanples
froman actual thernoneter, and prove the results in algebraic
form If you have no thernometer, draw one as on the foll ow ng
page. Alternatively you can, of course, draw the |ine horizontally,
as shown.

On the horizontal scale, count forward fromO for your positive
nunbers and backwards for your negative nunbers.

Start at elO.

Add e5. This brings you to el5.

Now add -15. This neans "count backwards’ 15.

W are at zero.

Therefore €10 e 5 e (-15) : 0 (notice the bracket).

Any negative nunber added to a positive nunber of the sanme size
cancels it, giving the result "0 .

Thus: e9 e (-9) : 0. (Count 9 '"foruard’ fromO, and then count 9
in the reverse direction).

Practise several of these ’'countings’, and express your steps in the
proper form using all signs.
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M

30

25

4-20

445

4-10

- 5 Use this graduated |ine as your
thermoneter, and make up your

10 own exanpl es.

-25-20 -15 -10 -5 0 5 10 15 20 25

B. ADDI TI ON AND SUBTRACTI ON:

1. ADDI TI ON

Consi der the foll owi ng problem -

Alift starts on the 5th floor, it goes Up 3 floors, down 2
floors, down 4 floors, up 1 floor, up 2 floors, down 5 floors.
Where is it now?
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He may use directed nunbers for this, taking t to nean up
and - to nean down. The result of the various novenments

i s obtained by addi ng them

Thus we have

e5 4, (e3) -r (-2) 4- (-4) tr (4-1) i- (4-2) 4- (-5).

W need to know how to add a negative nunber.

Take a sinple exanmple: (t3) e (-2).

This would nean start on the 3rd floor and go down 2.

We know the result will be the Ist floor or tl.

Therefore (t3) t (-2) : tl.

This is the sane as 3 - 2.

Suppose it were (-3) t (-2). This would nmean start 3 floors
down - third basenent floor - and go down 2 nore floors,
this would bring us 5 floors down.

(-3) t (-2) : -5.

Thus the result of adding a negative number is to reduce
the given quantity by that nunber, or counting on the
vertical nunber scale, to go down.

We have already seen in considering brackets that at

bef ore a bracket does not alter the sign within the
bracket and you will notice that this rule applies

with directed nunbers.

When adding with directed nunbers take the sumof all the
Eggati yg_nunbers fromthe sumof all the Bositive nunbers.
If the sum of the negative nunbers is greater than that of
the positive nunbers, the subtraction nmust be perfornmed
the other way and the result will be negative. Consider
(el0) - (el7). If you take th fromelO the result is O.

If you now take a further t7 you get to -7. Therefore
(el10) - (tl17) is the sane as - E(t17) - (th)J.
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SUBTRACTI ON:

This brings us to the rules for subtraction

There are two inportant points to renenber: -

(a) If you take a |l arger nunber froma snaller one the
result will be negative, e.g., |6 - 20 : -4. If you take
16 from 16 nothing is left, we require to take away 4
nore, therefore, 16 - 20 : -4.

(b) Subtraction can be nmade to depend on addition. The question
what is 7 - 3 can be worded "Wat nust be added to 3 to
get 7?"Then, if you nove to the right on the horizonta
nunber scale the answer is plus; if you nove to the |eft
the answer is mnus.

Exangl es:

[. (i) What nust be added to 2 to give 7

(ii) what is 7 - 2? (5)

2. -(i) What nust be added to 7 to give 2? 7

(ii) what is 2 - 7? (-5)

3. (i) What nust be added to (-2) to give (e7)?

(ii) What is (s7) - (-2)? . (s9)

4. (i) What nust be added to (s7) to give (-2)?

(ii) what is (-2) - (#7)? . (-9)

5. (i) What nust be added to (#2) to give (-7)?

(ii) What is (-7) - (#2)? (-9)

6. (i) What nust be added to (-7) to give (e2)

(ii) what is (s2) - (-7)? 4 (s9)

7. (i) What nust be added to (-2) to give (i7)7?

(i) What is (-7) - (-2)? (-5)

8. (i) What nust be added to-(-7) to give (-2)?

(ii) what is (-2) - (-7)? (s5)
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Go over these very carefully and see that you agree with the
answers. It is essential that you understand the principle
before trying to learn a rule. Draw your own scal e, unless
you can inmagine it in your head.

-4 -3-2-101 2345

A subtraction sum asks the question 'How far is it fromthe
second nunber to the first’? Your answer must give the direction
also, etotheright, - to the left.

Thus (e5) - (-3) neans how far from(-3) to (e5)? Answer, 8 to
the right, i.e., t8.

(-5) - (-3) neans how for from(-3) to (-5)? Answer, 2 to the
left, i.e., -2.

Can you see the rule for yourself? It is the same as from
brackets '- changes the sign’

Thus - (-3) is the sane as e3

- (e3) is the sane as -3.

QUESTI hNS FOR PRACTI CE:

1

P.)

;1) (e7) e (e2) (ii) (e7) e (-2) (iii) (_7) t (e2)

(iv) (-7) e (-2

(e) (e3) t (ell) (ii) (t3) t(-11) (iii) (-3) e (ell)

(iv) (-3) e (-11)

(i) (er) - (e2) (ii) (e7) - (-2) (iii) (-7) - (e2)

(iv) (-7) - (-2)

(i) (e3) - (ell) (ii) (el3) - (-11) (iii) (-3) - (el11)

(iv) (-3) - (-11)
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5. (i) o - (t5) (ii) 0 _ (-5) (iii) 0 e (-4

(iv) (t1) t (-1)

C. MULTI PLI CATI ON AhD DI VI SI ON:

This rule is the sane for both and depends on the known fact that
axb: bx0O.

Consider 3 x (-2).

We know that 3x neans x t x e x whatever val ue x has.
Therefore, 3 x (-2) means (-2) t (-2) t (-2) : -6.

Now (-2) x (3) has no neaning, since you cannot take 3 for -2
times, but (-2) x (t3) must be equal to (t3) x (-2) whichis
The rule is that if we nmultiply together two nunbers of
oegosite signs the answer will be minus.

To find a meaning for (-a) x (-b) we can consider the

foll owi ng probl em -

Atrain is travelling due south at 60 k.p.h. W take this
as a speed of -60, where t60 would be a speed going north.
W take distances north of a certain town as e and south

of this town as -. If the train passes through this town

at noon, time before noon is negative (-) and after noon

is positive (-

Where was the train 2 hours before noon? Distance is

found fromthe product of speed and tine. The question is
how far does a train travel in -2 hours at -60 k.p.h.
Answer (-2) x (-60). We know that 2 hours before noon

the train was 120 km north of the town.

Therefore, (-2) x (-60)

[

el120.

This is a particular exanple, but the general statenent is
true also (-a) x (-b) : tab.

In words: If two nunbers are both negative their Broduct is
eositive.
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Naturally, if both nunbers are positive the product is positive,
so the rules may be expressed thus: -

The product of two numbers of LIKE SIGNS is POSI Tl VE
The product of two nunmbers of UNLIKE SIGNS i s NEGATI VE.
If ab: c, then a: E

(-3) x (-2) : -6, therefore, (-6) %()2) : -3

and (-6) % (-3) : )2

(-3) x (-2) : )6, therefore, ()6)-%(-3) : -2

We know that (-6) % ()3) : -2

This gives the sane rules for division.

The quotient of two nunbers of LIKE SIGNS is POSI Tl VE.
The quotient of two nunbers of UNLIKE SIGNS i s NEGATI VE.
QUESTI ONS FOR PRACTI CE

6. (i) (-4) x (-3) (ii) (-4) x (-3) (iii) (-4) x (-3)
ﬁbv) (-4) x (-3) (V) (-4) x O

(i) (-12) x (-5) (ii) (-12) x (-5) (iii) (-5) x (-12)
(iv) 0 x (-5) (v) (-1)2

8. (i) (-24) - (-5) (ii) (-24) %(-6) (iii) (-24) - (-6)
(iv) (-24) - (-6) (ii) (-6) - 1

9. (i) (-15) - (-3) (ii) (

-15) - (-3) (iii) (-15) - (-3)
(iv) (-15) - (-3) (V) 3 % (-1)

10. (i) (4)3 (ii) (-2) x (-3) x (-4)

(iii) (-5) %(-% (iv) (4 - (-8) (v) 0 e-(-2)
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D. SUWMARY:

These rules for addition, subtraction, nmultiplication and division
can be generalised thus:-

ae(sh) : asb

ad-(-b) : a-b

ax (-b) : - ab

(-a)xb :eab

(-a) x (-b) : sob

Note the foll ow ng: -

(a)

(b)

(e)

(d)

(e)

(f)

(9)

(h)

(1)

(k)

I f any nunber

I f any. nunber

I f any nunber

I f any nunber

I f any numnber
Since a x a :
is

is

is

is

is

a2

a - (eh) a-»b
a- (-b) : asb
a_(-b): -0b
(-0) i b: - E

(-a) % (-b) 4%

multiplied by Othe product is G

multiplied by 1 it is unchanged.

divided by 1 it is unchanged.

multiplied by -1 its sign only is changed.

divided by -1 its sign only is changed.

and (-0) x (-0) : 02, either a or nois a

square root of a 2.

We shall take V43 to nean the positive square root of 02.
Al squares are positive.

Even powers of -1 are 1: odd powers of -1 are nl.

Only like ternms may be collected in addition and subtraction
If a bracket is preceded by a sign,

fhe sign of each termis changed. -

If a bracket is nulti

bracket is renpved

that expression.

, each termnmust be multiplied or divi&ed by

when the bracket is renmpved,

plied or divided by on expression, when the
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Exanel es:

Find (i) The sum (ii) The difference of the follow ng pairs of
expr essi ons: -

9. 3x 1 2y, 4x - 3y 10. 2x 1 15y, 13x 1 7y

1. 5xy - 3y2, 7x2 1 4yx 12. 8x - 5y 1 2, 4x- 3y - 22
13. x2y 1 2y2, y2 - 2xy 14. 3x2 - 2x 1 1, 3 - 2x - X2
9. (1) 3x 1 2y (ii) 3x 1 2y

4x - 3x 4x - 3x

7X -y -x 1 5x

10. (i) 2x 1 15y (ii) 2x 1 15y

13x 1 7y 13x 1 7x

15x 1 22! -11x 1 8x

11. (i) 2 5xy - 3y2 (ii) 5xy - 3y2 N.B. xy : yx

7xX 1 4xx 7x2 1 4xx

7x2 1 9xx - 322 -7x2 1 xx _ 3V2

12. (i) 8x - 5y 1 2 (ii) 8 - by 1 2

4x - 3x - 22 4x - 3x - 22

12x - 8y - 2 4x - 2x 1 32

13. (i) x2y 4- 2y2 (ii) X2)! 1 2Y2

Xzx 4. 322 - 2xy xzy 1 y2 1 2Xy

14. (1) 3x2 - 2x 1 1 (11) 3x2 - 2x 1 1

-X _2x 13 -x2 - 2x 13

2Xx2 - 4x 1 4 4x2 - 2

QUESTI ONS FOR PRACTI CE

11. Add (i) 6a and -0; (ii) -3b and b; (iii) -c and O,
(iv) -2d and -5d; (v) -e and e; (vi) -f and -f.
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12. Subtract (i) 60 from-0; (ii) -3b fromb,
(iii) -c fromoO, (iv) -2d from-5d

(v) e from-e (vi) -3f from-3f.

13. Multiply (i) 60 by -0, (ii) -3b by c,
(iii) -c by 0, (iv) -2d by -5,

(v) e2 by -e, (vi) bl by -xy.

14. Divide (i) 662 by -0, (ii) -3b2 by 3,
(iii) 0 by -c, (iv) -20d3 by -5d,

(v) 2e2 by -2e, (vi) -4x2 by -4x.

5. 1fx:1,y:-1,z:0,a:3,b:-3,c-.-2,findthe
val ue of: -

(i) abx, (ii) a- x, (iii) bby,

V(iv) b-vy, (v) ¢c- 2, (vi) ab 2y

(vii) 20 -y, (viii) a(x - y) (ix) b(y b x)
(x) 2(02 - b2) (xi) abc (xii) x #y (a _ b)
... bc, . 0c x2 b 2

e 1
(X111) 0 (XIV) b (XV) b
a2bx2222b2"

(XVI) ---- (xvii) a- bbc (xviii) x - yl b 22
b2 y y2

(xix) H (xx) 0%

6. Sinplify:

(1) (x-y4-2)4r(x4by-2)4-(x-y-2)

(ii) (02 - ab - b2) b (ab - 02 - b2) b (b2 - a2 - ab)
(iii) (x2 - 2x - 3) - (3x2 4 2x - 1)

(vi) a(ab _ 02) - b(ab - b2)

(v) 0(02 - abl) - 3(02ba- 2
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(vi) (3x - 2y) - (2x 1 3y)

(vii) (x - 3y) 1 (2y - 3x)

________ oo--------

ANSVERS TO PRACTI CE QUESTI ONS

9, 5 -5 -92 14, -8, 8, -14

5 9, -9, -54. -8, 14, -14, 8

-5, 5, -4, 06. 12, -12, -12, 12, O

60, -60, -60, O 1 8. 4, -4, 4, -4, -6

. 5 -5 5 -5 -310. -1, -24, 10, -% O

11. 5a, -2b, -c¢, -7d, 0,-2f, 12. -7a, 4b, c, -3d, -2e, O
13- -602,13bc, 0, 10d, -e3, xy 14. -6a, -b2, 0, 4d2, -e, x
15. 4, 2, -4, -2, '2: 11 7' 6r 6: O 18! 5/ 2! 21 "5;: 11 4,
o 0, -18

16. 3x -y - z, -02 - ob - b2 or -(a2 1 ab 1 b2),

-2x2 - 4x - 2 or -(2x2 1 4x 1 2), 02b - a3 - ab2 1 b3,

32

0- 40- 20167 X-5y, -2X'y

RRC 4947

ONOwE



EQUATI ONS

A. SI MPLE EQUATI ONS

A statenment of equality between two expressions is called an
equation, e.g., a certain nunber nultiplied by 3 is 6; this can

be witten as 3 tines (the required nunmber) : 6. From which we

can say the required nunber : 6 e 3 or 2.

To save witing 'the required nunber’, which is sonetines called
the "unknown’, we find it convenient to let a letter stand for the
nunber. Let x be the required nunmber, and then the statenent
becones 3 x x : 6 or 3x : 6.

We have already said that letters stand for nunbers, but 22: for
nunbers of things. It is nost inportant to renmenber this, as in
dealing with problenms you will nmeet with statenents connecting
guantities as well as those dealing sinply with nunmbers, e.g.

a box and its contents together have a mass of 1,25 kg. and the
mass of the contents is four tines as nmuch as the box, find an
equation fromthese facts.

We can say 'nmass of box e 4 times mass of box : 1,25 kg; If we
mass of the box be x kg. this becones

x kg. t 4x kg. : 1,25 kg.

Fromwhich it is clear that x e 4x : 1,25 which is the required
equati on connecting the nunbers.

Exangl es:

Here are a few sinple statements which you can easily wite as
equations for practice.

A certain nunber is added to 4 and the result is 20.

A certain nunmber is multiplied by 4 and the result is 20.

3. If 4is taken froma certain nunber the result is 5.

4. |If a certain nunber is halved the result is |
5
6

N =

If a certain nunber is taken from?7 the result is 3.
A nunber exceeds 4 by 9.
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Thi nk of a nunber, double it and add 3, the result is 13.
Five tinmes a certain nunber less 4 is 11.

The denominator of a fraction is 5 nmore than the numerator
and the fraction equals %

The sum of 3 consecutive nunbers is 18.

Notes on ExanBles | - 10:

The equations are:-

Xxt 4: 20; 4x : 20; x - 4 : 5, W : |;

7-x: 3 x-4:9 2x #3: 13; 5x - 4 : 11,

xeb: 2x; 3xt 3: 18 (where x is the nunber).

If a fraction is equal to one-half, then the denom nator nust be
twi ce the numerator.

Have you remenbered that if x is the first of a series of
consecutive nunbers, the others are x e 1, x t 2, etc.?
Exantl es:

When you are sure of the above equations, find an equation
crmawcti ng nunbers fromthe foll owi ng statenents.

11

ii.

13.

14,

15.

A bottle and a cork cost 10c and the bottle costs 6c nore than
the cork.

R4 worth of coins consists of 200 pieces and 10: pieces and
there are thirteen nore 10c pieces than 20c pi eces.

20 kg. of tea at 60c 0 kg. are mxed with a quantity of tea
at 70C 0 kg. The mixture is worth 66 cents 0 kg.

A reEtangle is twice as long as it is wide and its area is
16cm .

Three years ago a man was twice as old as his son. Their
conbi ned ages are now 72.
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Notes on Exangles Il - 15:

You nust renenber always to state what x (or the letter you choose)
represents and give the correct unit.

11.

12.

13.

14.

15.

Let the cork cost x cents. (Not 'let the cork cost x',

xt xt 6: 10 nor 'let the cost be x').

Let x be the nunber of 20 pieces (Not |let x be 20c pieces).

20x t 10 (x t 13) : 400 or 30x t 130 : 400.

Let x be the nunber of kg. at 70c.

Total quantity is (20 e x) kg. and total cost is 20 x 60t 70 X
cents.

1200 t 70x : 66(20 e x)

Let the width be x cm

2Xx X x z 16 or 2x2 : 16.

Let x years he son’s age now, three years ago he was (x w 3)
years.

Father’'s age is 72 - x years now, he was (72 mx - 3) years.
Therefore 69 - x : 2(x _ 3).

B. SOLUTI ON OF EQUATI ONS

Look again at the first ten equations fornmed above. You can probably
guess the answers to those where they are not obvious at once, e.g.
i f

(i) 4t a nunber is 20, the nunber is 16.

(ii) 4 tinmes a nunber is 20, the nunber is 5, etc.

In order to solve nore difficult equations you nust fully under-
stand the nethod of working these sinple ones.
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To get 16 in (i) you take the 4 from 20.

To get 5 in (ii) you divide the 20 by 4.

In other words, you work the question backwards, for exanple,

(a) 5is added to a nunber to nake 7; take away the 5; then the
nunber is 2.

(b) 3 is taken froma nunber and | eaves 9; add the 5 on again
then the nunber is 12.

(c) A number is multiplied by 4, and the product is 24; divide

by 4, then the nunber is 6.

(d) A nunber is divided by 3, and the quotient is 11; nultiply

by 3, then the nunmber is 33.

The inmoortont thing to renenber in solving equations, is that the
two sides stait 9323i, and nust be heat eguol

The eguation is like a balance;.if you add a quantity to one side
you nust add the sone or on equal quantity to the other

If you take a quantity From one side, you nust take the sone or on
equal quantity fromthe other

If you multiply, or divide, one side by a qUantity, you mnust
multiply or divide the other by the some or on equal quantity
These rul es depend upon four axions: -

(o) If two nunbers are equal and we add equal nunbers to themthe
results are equal

(b) I'f two nunbers are equal and we take equal nunbers fromthem
the results are equal

(c) If two nunmbers are equal and we nmultiply them by equal nunbers
the results are equal

(d) If two nunbers are equal and we divide them by equal nunbers
the results are equal

Renenmber you nust treat both sides of the equation alike.
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Study the foll owi ng worked exanples carefully. The witten state-
ments in square brackets are to explain the nethod and should be
omtted as soon as you are sure of the work.

Exanel e 16:

3x e7:19

ETake 7 from both sides) 5

1

X.

3x 12

EDi vi de both sides by 31

X : 4

(Check the answer by putting x 4 into equation. Then 3x t 7 :
12 1 7 : 19)

Exangl e 17:

U X-2):5

EMul tiply both sides by 31

x-2:15

EAdd 2 to both sides;

x @ 17

11

(Check: 3(x - 2) : 5(15)

. 5

N.B. In working back to find the unknown the steps are reversed and
taken in the reverse order.

% x - 2) neans 'take 2 fromx, and divide the result by 3

We first multiply by 3, on? then add 2. If you added 2 first

the equation would beconme 3(x - 2) e 2 z 7, which is no help

i n solving.
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Exanel e 18:

oX-5: 2

tAdd 5 to both sides)
741: 7

| Di vi de both sides by %
X 7x g ( To divide by a fraction, invert and
X @ 9% multiply)

(Check % - 5 3 %x 2% _ 5
z7 _5: 2)

$929342-

5 - 2x : |

f Add 2x to both sidesj

5; | 2x

Eque 1 from both sidesj

4 2 2x

Olvlde both sides by 2
X 2

(Check 5 - 2x : 5 - 4 : 1)
A shorter method of solving this is as follows: -
5- 2x : 1

(Take 5 from bot h sidesj
-2x @ -4

EDi vi de both sides by uzJ
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X : 2
pus. (-4) 4- (-2) : 21
Exangl e 20:

5« - 3 : 2x e 9

EHere we nmust collect terms containing x on the left and nunerica
terns on the right)

ETake 2x from both sidesJ

3x - 3: 9

EAdd 3 to both sides)

3x 12

[

i Divide both sides by 33

X : 4

(Check: L.H S 20- 3 : 17

[

RHS : 84 9: 17)

You shoul d now be able to work several exanples onmitting the witfen
statenments, and in exanples such as 19 and 20 above, two steps may
be performed at once, i.e., add 2x to both sides and take 1 from
both sides, and take 2x from both sides and add 3 to both sides.
Conpare exanples |9 and 20 above with the foll ow ng: -

Exanmel e 21: Exangle 22:

14 w3x : 2 14x - 7 : 5x e 2

12 : 3x 9% : 9

X 24 x|

QUESTI ONS FOR PRACTI CE

Work the followi ng questions. These include sone where x stands for
a negative nunber. |f necessary revise addition, subtraction, nulti-
plication and division of negative nunbers.
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4x-327 2. 3x-4-2:1
25-3x:13 4. 9x4-5zl 5-x
5x31227 e. 4-3x:16
2x-5z3x-4 8. 5(x-2):25

-2: 4,1 10. -3-(x-1)-rZ:6

FRACTI ONAL EQUATI ON$:

If an equation contains several fractional terms, it is best to
clear it of fractions by multiplying both sides by the | owest
conmon nultiple (L.C. M) of the denoninators.

NONNOWE

X - 9 x
48 8 : Ezti
4 x 88 - 11(x-9) : 4xx- 44 (L.CM of 8, 22, 2 is 88)

352 - 11x t 99 : 4x - 44

352 3 99 s 44 : 15x

X _ 1252

_ 15

X z 33

EQ E: There is no need to collect ternms in x on the |eft always;
it is better to keep the x ternms positive as in this exanple
even if they are then on the right. Always work the equations
down the page, keeping the equal signs underneath each ot her

Do not wite .’. before each line - it is not necessary.
QU_ESTI ONS FOR PRACTI CE

M. - :-31 - -; 23x

12 ,
34123x5- 4
X -1 x-2 x
133" 4 2i 3
11, .le xgls4:0 15 3-5:1-9-
X X

t 2
tl xt 2



EQUATI ONS. PAGE 9.

D. PROBLEMS:

We have al ready seen how a_statenent connecting different quantities
can be nade into an equation and problens should not prove difficult
if the followi ng points are renenbered: -

(0) State clearly what nunber the letters stand for, and give the
correct unit.

(b) Bring all your quantities to the same unit.

(c) First wite the equation connecting quantities, then the
nunerical equation. Later, when you are sure of the work, only

the nunerical equation should be witten.

(d) Always answer the question. The answer to your equation wll be
X : a number. Put the nunber into your definition of x to get

the answer to the given problem

(e) Check your answer in the given problem not in your equation
You may have made a mistake in formng the equation

Study carefully the followi ng exanples. Statenents in square brackets
show t he net hod, but need not be witten as part of the solution
Exonel e 23:

The sum of R2,25 is made up of 10c and 5c pieces and there are 27
coi ns. How many 5c pieces are there?

Let x be the nunber of 5c pieces.

Then 27 - x is the nunmber of 10c pieces.

(Their value in 5c pieces is 2(27 - x) 5c pieces)

(The value of R2,25 is 225 cents or 45, 5c pieces)

ix e 2(27 - x) 5c pieces : 45 5c pieces)

Xt 2(27 - x) 45

X e 54 - 2x 45
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9 : x

There are 9 5c pieces

(Check: 9 x 5¢ s 18 x 10c : 45c | 180c : 225C or R2,25)
Exanel e 24:

A man is 25 years older than his son. In 3 years’ tine he will be
twice as old as his son is now How old is he?
Let x years be man’s age now, in 3 years he will be (x e 3) years

Son’s age is (x - 25) years.

ETherefore (x i 3) years : 2(x - 25) years)

X i 3: 2(x - 25)

X s 3: 2x - 50, 53 : x. The man is 53 years ol d.

(Check: son is 28 years. In 3 years man will 56)

Exanel e 25

In a test 2 marks are given for every sumright, and 1 mark is
deducted for every sumwong. If a boy works 9 suns and obtains
9 marks, how many suns were right?.

Let x be the number of sums right; 9 - x are wong.

He gains 2x marks and loses 9 - x marks.

ETherefore 2x - (9 - x) marks : 9 nmarksJ

Jo2x - (9-x) 109

2x | x - 9: 9
3x : 18
X . 6

Fb.had 6 sums right.
(Check: 12 marks gained, 3 marks |ost).
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QUESTI ONS FOR PRACTI CE

16. A garage has a nunber of cars and notorcycles. If there are

13 vehicles altogether and they have 0 total of 40 wheels,

how many cars are thete?

17. Two boys have R3, 60 between them one has 011 10c pi eces and
the other all 20c peices; if there are twice as many 10 pi eces

as 20c pi eces how much noney has each?

18. My average cycling speed is 6 k.p.h. faster than my wal ki ng
speed. If 1 cycle for 3 hours and wal k for half an hour, and

cover 33% km, at what speed do | wal k?

19. If atrain travels at 40 k.p.h. it takes 15 minutes |longer to
conplete its journey than when its speed is 45 k.p.h. How | ong
will the journey take at 50 k.p.h.

20. A man bought a number of articles for R22,50. He sold 70 per
cent of themat a profit of 15c each and the rest were thrown
away; if he lost R,50 on the deal, how many articles did he

buy?

E. LI TERAL EQUATI ONS

In the previous equations we have been concerned with obtaining
nunerical values. Sonetimes we have to sol ve equations in which the
val ue of the unknown is found in terms of other letters which occur
in the equations. These are called literal eguotions. Solving them
is done in exactly the same way as for nunerical equations.
Exantl e 26:

Find x in terns of a and b in the foll owi ng equations: -

(i) 6x - a: 2x # b (ii) % _4: g _ 6

(i) 6x - a: 2x e b

gSubtract 2x fromboth sides, and add a to both sides. This brings
t eterms in x to the sane side)

6x - 2x : b e a

4x : b e a

x:b-1-a

A
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(ii) 925-4:%6

(Elimnate fractions by multiplying both sides by LL.C M, i.e., 61
30x - 24 2b - 36

2b - 36t 24

30x

30x : 2b - 12

Di vi de both sides by 30

2b - 12

30

X

QUESTI ONS FOR PRACTI CE

Sol ve the foll ow ng equations for Xx:-

21. 8 - b : 3xt 4p

22. px 't 69 : bx - 2q

2x fx 2f

23. 3 - f _ 5- - 5-

X X

24. h_b5h:7_x

F. FORMULAE:

Useful exanples of literal equations are provided in the changing
of the subject of a fornmula. This is a npbst inmportant subject for
you to know.

Exonel e 27:

To make | the subject of the formula

T: ZIP, for the tine of swing of a pendul um
277E, Divide by 2 11

1f - J; Square

.4

[

N -1

I
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— NI

73: 51 Multiply byg-
A
_12.9

A= Dh
=

Excngl e 28:

Make d the subject of S: g(Zc A n n 1d)

%X5: 2aA(nnl)d

2%- 20 : (n - |)d

23 ; 20h : (n _1)d

2(S - on)

d: h(n - 15

Questions of both 0? these types should present no difficulty if
you have already nmastered the nethods of solving equations.
QUESTI ONS FOR PRACTI CE

25. Solve for x:

(i) 3x - 2a: 4a A X
(i) 1 - x: x - _i
a-baAb

(ifi) (x - 02 A(x-Db2: (xAc)2 A(x Ad)2
. X-ax-bx-c

lv) Al A
:0
26. If A: 21r (r Ah) find hin terns of r and A where?T : 2%
(opprox.) What is the value of h when A : 154, r : 2?
ut A%t2, find 9 internms of S u, t. Wiat is 9 when
27. 3
S 64,U.0Q1t:2?
(N



28.
29.
10.
.
13.
14

EQUATI ONS. PAGE g.

%2 %: % find Uin terms of v, f.

ANSWERS TO PRACTI CE QUESTI ONS

X:2% 2 X3 3 x:4
Xx ;| 5x: -l
x: -1 8x: 7
X s 7

5x 2x 3x . 2 3 X

6 X :
9 x

-4
-12

13:721- 7 12. 3x-gzz25
5x : 8x 2 12 - 9x 60x - 8 : |5 2 10x

6x : 12 50x : 23

23

X z 2 x : 0,46 or
X -1 x-2x2
3

4(x - 1) - 3(x -

36
X 2 2

2)
6(x 2 1) 2 4(x 22)

4x - 4 - 3Xx 2 6 6Xx 2 6 2 4x 2 8

X 2 2 : 10x 2 14
-12 : 9X

X 21%
X210 x-1_24:
425

0

5(x 21) 2 4(x - 1) 2 20 x 4
5x 2 5 2 4x - 4 2 80

ot
(ON®

VWhat

is u when v :

51
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9x : -81

-9

X

15. 3 _5: 1 _3

X X

(Multiply both sides by x1

3x - 4. x - 3

2x 1

1

X 7

16. Let x be the nunber of cars: there are 13 - x cycles
ETotal nunber of wheels isJ 4x e 2(13 - x) : 40
4x e 26 - 2x : 40

2x . 14

X 7

There are 7 cars

(Check 7 cars have 28 wheel s

g cycles i2 "

13Q"

17. Let x be the number of 20c pieces; value : 20x cents
2x is the nunber of | Qc pieces; value : 20x cents
e. 20x e 20x : 360 fin cents)

40x 360

X : 9

The boys have R, 80 each
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18. Let x k.p.h. be wal king speed, x i 6 k.p.h. is cycling speed

Eln 3 hours 1 cycle 3(x i 6) km ; in half an hour | walk
9w kmJ
"3

3(x i 6) i 7x : 33;
3x i 18 i % : 33%
3
3% : 15;
X @ 4%
I wal k at 4% k. p. h.
(Check: 1 cycle 3 x 10%or 31%km, | walk %x 4% km : 2-
km)
19. Let x hours be the time for the journey at 45 k.p.h.
Di stance is 45x km.
At 40 k.p.h. the tine taken is (x i % hours
. Distance : 40 (x i % km
45x : 40(x i N
45x : 40x i 10
5x : 10
x : 2. Distance is 45 x 2 or 90 km
90 km at 50 k.p.h. takes Wb hrs. or 1 hr. 48 mns
(Check 90 km at 40 k.p.h. takes 2 hrs. 15 mns
at 45 k.p.h. takes 2 hrs.)
20. Let x be the nunber of articles. Each costs 2:50 cents
Each sells for (2250 i |5)cents
X
70 per cent sell for Z x x (2250
10 x
i 15) cents : 2100 cents
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._.;1::.1 15) : 2100

7 x 225 5 10,5x : 2100

10, 5x : 2100 - 1575

525

x:1_0O-5-:50

He bought 50 articles

(Check: 1 article costs 2:30 cents : 45 cents
S.P. of %of 50 articles : 35 x 60 cents : 2100 cents (or R21)
Loss on whol e deal was R, 50)

21. 8 - 3x : 4p 5 b

5X:4p’i-b

- X: 4E9gb

22. px 5 69 : bx - 2q
px - bx : - 2q - 6q
x(p-b): -8q

Ha

p-»b

Al ternatively,
6g 5 29 : bx - px

8q : x(b - p)
X : 321
b-p

2x fx 2f

23. 5"-f:-a-5-
EMul tiply all through 31
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2x - 3f : fx - 2f
2x - fx : 3f - 2f

X(Z-f): f
_
X 2 f
X X

24 F - 5h 27" x
EMultiply by L.C M, i.e., 3h)
3x - x 1 7 x 3h-x x 3h
2x : 21h - 3hx
2x 2 3hx : 21h
x(2 2 3h) : 21h
_21h
X' 2 2 3h
25. (i) x : 30
11

(il) E2x : a - b 02 bl
1

X : -2---2-

2( 02 _ b2)

(iii) x2 terns go out.
2x(02b2c2d : 022b2-c2- d2
02 2 b2 - c2 - d2

2(a2b2c2d

X :

(iv) 3obc

bc 2 co 2 ob



26.

27.

28.

29.

RRC 4948
EQUATI ONS.
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rmltlb
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H

When

(1)

I

C

d1

[

N -1

O

rt-

M

PAGE 19.

5 x 15

40 - |5

3

Collect x2 terms and take the square root of x2:
X2(3 - y)
2

3y - |
31

'*wx<






S| MPLE GRAPHS

A. NATURE OF GRAPHS

| . GRAPHI CAL REPRESENTATI ON OF FI GURES:

A graph is a nethod of representing figures pictorially.
There are several different types of graph but the one
nost frequently used in elenmentary econonmic analysis is
the ordi nary two-di nensional graph. This sinply neans

that our picture is intended to represent two rel ated
sets of figures. Sets of figures are related if a change -
in one set involves a change in the other set.

For exanple, suppose we weigh all the boys in a school

We are likely to find that boys gain in weight as they
grow ol der. W could divide the boys into age groups, say
1 - 12, 13 - 14, |5 - 16, 17 - 18. For sinplicity we can
assune that none are under 11 or over 18. Suppose we found
that the average wei ght of boys in each group was as foll ows: -
Age Group 11 - 12 13 - 1415 - 1617 - 18

Aver age Mass

(kilos) 46 54 61 67

These figures can be shown on squared or ordinary graph
paper as in Figure |
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AXES:

Notice that the horizontal border of the graph is |abelled
with an X in addition to the age groups and the vertica
border is labelled with a Y in addition to the mass in
kilos. These borders are called axes, i.e., we have an X
axis and a Y axis.

You nmight now ask why we have shown the ages on the X axis
and the masses on the Y axis. W have noted that the average
nmass depends on the age, i.e. the nass changes with the
age. The mass of the boys is thus a variable that is
dependent on another variable, which we can call the

i ndeeendent variable - in this case the age. By mathematica
convention, the independent variable is plotted on the X
axi s and the dependent variable on the Y axis.

The scal e, or nunber of squares chosen to represent each
unit, is a matter of choice, e.g. on our vertical axis each
smal | square represents one kilo. (A break is indicated on
both axes, as all the values Up fromzero are not shown.)
Noti ce how each point on the graph is plotted. The nornma
rule is to move to the appropriate point on the X axis and
then nove Up parallel to the Y axis, to a position facing
the appropriate point on that scale. This process for the
13 - 14 age group, with average nmass of 54 kilos, is

i ndi cated by the dotted |lines. The points plotted for each
pair of figures are then joined to forma continuous |ine.
PCSI TI VE AND NEGATI VE DI RECTI ONS

You nmight al so ask why we noved to the right and upwards
fromthe corner of the graph. Wiy not to the left and down?
Agai n we plead mathematical custom The corner really
represents a centre point for a full graph. This centre
point is called the Boint of origin (fromwhich all points
on the graph start) and is given the synbol O.

Al'l points above O represent values greater than zero for
the dependent variable; all points below 0 represent val ues
bel ow zero, i.e. negative values. Simlarly, all points to
the right of O represent values greater than zero for the

i ndependent variable and all those to the left are |less than



S| MPLE GRAPHS. PAGE 4.

zero. The term "axis" now becones clearer. It is a centre
line with all positive nunbers (greater than zero) on one
side and all negative nunbers (less than zero) on the

ot her.

If we return to our inmaginary group of school boys, we could
rearrange our figures so that they fall on both sides around
a centre point representing the average age and average
mass of all the boys. The X axis now represents years

above and bel ow this average (which, say, is 15 years O
nonths) and the Y axis represents kil os above and bel ow
the average mass (which is, say, 60 kilos). W nay now
produce the follow ng table:-

Yeurs above (t)

or below (-)

the average -4 -3 n2 -1 0 el t2 e3 #4

Ki | os above (e)

or bel ow (-)

the average -18 -13 -8 -4 0 t3 t6 t8 th

These figures are plotted on the graph in Figufe 2.
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Here is another exanple of a graph containing both positive
and negative nunbers. Suppose a study of a group of students
i ndi cated that the average student studied for 30 hours a
week and obtai ned an average grade of 55% the study al so
reveal ed that those who studied | onger than the average
obt ai ned hi gher grades and those who studied | ess obtained
wor se than average grades. The follow ng figures were recorded:
Hours of Stud Nunmber of Marks

above (t and above t and

bel ow (- the below (- the

aver age average

-5 -17

-4 -12

-3 -8

-2 -5

-1 - 3

average 0 , average O

H4- 4

4-2 4, 7

e3 4- 9

t4 el0

4-5 el

Thi s suggests that grades are dependent upon hours of study.
VWen we graph the figures, therefore, the grades are the
dependent variable and are plotted on the Y axis. The hours
of study are the independent variable and are plotted on
the axis. The resulting graph is shown in Figure 3.
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8. SOVE USES OF GRAPHS

. VISUAL EFFECT:

One use of a graph is to create effect. The rel ationship
between the two sets of figures is seen nmuch nore easily
froma graph than froma table, especially by people
unused to working with figures. This is one of the nost
conmmon uses of graphs but in many ways the | east inmportant.
It is also open to misuse. Notice the apparent difference
bet ween the graphs of Figures 4a and 4b. The line in 40
seens nmuch steeper than in 4b. A closer | ook, however,
reveals that this is sinply because the scale of the X
axis is different (the scale in Figure 4b is four tines
that in Figure 4a). In fact the lines are really the sane -
in each case they join the points x : o, y : o and x : 8,

y . 4.

The term"curve" is used to describe the line joining the
points on a graph, even when this is a straight line.
Strictly, such aline is called a "linear curve".
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| NTERPOLATI ON

A nmore inportant use of a graph is to assist in the
estimation of values of x and y |lying between two
known points.

Consi der the follow ng graph which represents the
producti on of beer in the Country X between 1990 -
1996 (Figure 5). The production for 1993 has been
deliberately left out. Fromthe curve, however, we
can estimate that production in that year was around
34,5 million barrels. (In fact the coirect figure is
34,7, which is not far fromour estimate).



FI GURE 5.
1993
-994
1995
1996
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PAGE 11.
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This use of a graph is called interpolation. W have to
assune, of course, that the figures do follow a regul ar
trend and that nothing happened in the interval to upset
that trend. Failure to take into account probabl e changes
can lead to sone bad errors.

Consi der the follow ng graph of spirit consunption in
Country 2 for the years 1997 to 2000 (Figure 6). If

we assumed that consunption continued to rise between
1998 and 2000 we would estinmate a figure of 34,5 million
litres for 1999. In fact the true figure was 31,6

an unexpected fall. The explanation for this is likely

to lie in tax increases and i ncones controls.

A graph, therefore, should never divert attention from an
intelligent study of all the facts surrounding any set

of figures.



PAGE 13 .
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EXTRAPCLATI ON

Even nore dangerous is an attenpt to predict figures from
0 Projection of a curve into the future on the basis of
past experience, without fully taking into account al

l'i kely influences.

Figure 7 is a graph showi ng the popul ation of the Country Q
bet ween 1981 and 1998. The figures for 1981 - 1986 are

al nost a straight Iine. Anyone in 1986, asked to predict
the probable size of the population in 1998 coul d be
forgiven for offering a figure of about 58,4 mllion. In
fact, however, the curve started to beconme |less steep in
1987, but between 1990 and 1993 the line was straight again
A revised prediction for 1998 made in 1993 m ght have been
56,7 mllion. In fact, the popul ati on stopped rising in
1993 and started to Fall slightly, so that the true figure
For 1998 was 55 835 000. Few peopl e foresaw such a change
in the early 1980's and pl ans were then nade for education
servi ces based on expected increases which did not take

pl ace. These plans have proved to be very costly for many
peopl e.

Notice here again that the Y axis is broken (below 52,5
mllion). This enables us to concentrate on val ues between
52 and 55 million without wasting space on the graph
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C. STRAI GHT- LI NE GRAPHS
1. RELATI ONSHI P BETWEEN X AN) Y:

In spite of the dangers of nmking predictions by
extrapoation, this remains an inportant use of graphs.
The danger is reduced, of course, if we know, or can

wi th reasonabl e safety assune, that the curve has a
definite and predictable shape. If the curve is regular
then there nust be a definite relationship between the
Figures on the Y axis and the X axis. Renenber that we
normal |y expect the Y figures to be dependent upon the
X figures, so that such a regular relationship is not
an unr easonabl e expectati on.

Suppose we take the sinplest possible case where y
(standing for the figures on the Y axis) always equal s
x (standing for the figures on the X axis). Then we
have a straight |ine passing through the point of origin
(0) of the graph (as in Figure 8).



" FI GURE 8.
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If, as in this illustration, the scales on both axes are
the sanme, the Iine (or curve) bisects the angl e between
the two axes and is thus at 450 to each axis.

This relationship of 1:1 is unlikely to occur very often.
More frequently we find that y is either sonme fraction or
sone multiple of x. If we knowthis fraction or nultiple
(called a coefficient) then we can find the value of y
for any given value of x. W can also, of course, find a
val ue of x for any given value of vy.

Suppose y is g5. Wen x : 1, theny : 1%. Wen x : 5,

I .

y : 7E and so on. leen thls constant rel at10nshlp, we
can read off fromthe graph (Figure 9) the values for y
gi ven by the various possible values of x. Wen x is 6,
for instance, we can see that y is 9. Wien x : -2 then
y is -3.
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Thus we can express any linear (straight-line) curve

whi ch passes through the point of origin (0) by the
general equati on:

y : bx

when b sinply represents the value of the coefficient.
We have al ready seen, however, that not all curves are
likely to pass through the point of origin where both

y and x : O In Figure 10 we see that when x : 0, y : 3
and in addition to this the coefficient is 2. Thus, when
5

we increase x by I we also increase y by g. If we reduce
X by 1 then we reduce y by 3.

The equation for this curve thenisy : 3 e gx. If we
use the letter "a" for the value of y when x : 0, and
"b" for the coefficient, then we arrive at a genera
equation for a stroight-1line graph

y: a#bx
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CURVES W TH NEGATI VE SLOPES

So far we have exam ned situations where y rises or falls
as x rises or falls. It is possible for y to fall when x
rises, i.e. to nove in the opposite direction to x.
Suppose instead of the equationy : 3t gx we had y : 3
g5, then the resulting graph would appear as in Figure
11. Notice that when x : 5, y : 0, when x - 10, vy : - 3
and when x : -5, y : 6. Check with the equation that

t hese val ues are correct.
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VWhen the values of y nove in the opposite direction to
those of x we can say that there is a negative relationship
between the two. In strict mathematical terms, the genera
equation for the straight Iine graph remains y : a t bx,
but the value of the coefficient, b, is negative. In the
above exanple, b : -% signifying that the value of y

has to fall by g of any change in the value of x.

GRADI ENT:

The term"gradient" refers to the steepness of the slope of
the curve. W have seen earlier, however, that this can
appear to be altered by the relative scales of the X and Y
axes. W need, therefore, to have a nore precise nethod of
measuring gradient.

Geographers use "gradient"” as a nmeasure of the vertica
distance in relation to the horizontal distance between
two points. Thus, a gradient of | in 10 nmeans that a sl ope
either rises or falls one nmetre for every 10 netres of

hori zontal length. This is illustrated in Figure 12.
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Using Y and X to denote the vertical and horizonta
novenents as in our nornmal graphs, we can see that

y : 1 when x : 10. If the slope remains the saneg,
then y will equal 2 when x : 20. y is always one tenth
of x, i.e.

-1 _x

v "10’

The coefficient b in the equationy : ot bx is the
sone as the gradient. It measures the slope of the
curve and is not affected by the relative scal es of
the axes on the graph.

2

A curve with a coefficient or gradient of 16 wll
slope twice as steeply as one with a coefficient of
%%. Gaphs will illustrate this Erovided that the

I gl oti onshie between Y and X scales is keet the sane.
The gradient is on inportant elenment in the curve
because it indicates the strength of the reaction in
the value of y follow ng any change in the value of x.
D. NON- LI NEAR CURVES

1. SOVE SI MPLE RELATI ONSHI PS:

Not all graphs are straight lines. It is quite possible for
the y values to have a regular relationship with the x val ues
and the result to be sonething other than a straight line or
i near curve

Suppose, for instance, we have the relationship y : x2, then
the values of x and y are as follows:e

Value of x: | 2 345

and so on.

Value of y: | 4 9 16 25

The resulting graph is shown in Figure 13.
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Notice that no value of y in this curve can ever be
negative (Can you see why?)

Anot her interesting curve is produced by the equation
1

y 2 so that when x : |, y : |; x : 2,

|

y _2; X: 3 Y: 3

and so on. The relationship for a range of positive
val ues of x is shown in Figure 14.
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Notice that if y : %then xy : 1. If for | we substitute
any other fixed quantity and represent this by the letter
"0" then the graph of y : g will have the some genera
shape. If we have a succession of different values for a,
we coul d then have a series of curves all having a
simlar shape but at different distances fromthe point
of origin. The table of values represented by the graph
of Figure 15 is set out bel ow -

, Value of x Value of x

a: 2a:3

123

213/2 (1,5)
32/3(0,67) 1

4 2/4 (0, 5) 3/4 (0,75)

5 2/5 (0,4) 3/5 (0, 6)

6 2/6 (0,33) 3/6 (0,5)

7 2/7 (0,286) 3/7 (0,43)
8 2/8 (0,25) 3/8 (0, 375)
9 2/9 (0, 22) 3/9 (0,33
10 2/10 (0, 2) 3/10 (0,3)
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Test your understanding of this graph by calculating the
values of y when x : % (a : 2) and when x : % (a : 3).
These exanpl es are of well known rel ationshi ps. Econom sts
are often faced with sections of graphs which appear to
have regul ar shapes. Their problemthen is to estimate
equations to fit these shapes, in order to nake predictions
for a range of values for the variables they are studying.
VWen they do this they have to renmenber that they are al so
maki ng assunptions about influences on these rel ationships,
which may or may not turn out to be correct.

GRADI ENTS:

It is an essential feature of the linear curve or straight-
line graph that the gradient stays the sane throughout its
length. This is inplicit in the equationy : u # hx, where
the coefficient b retains the sone value for all values of
y and x. No such assunption is possible for non-Ilinear
curves, where the steepness changes as we nove al ong the
curve. Thus we cannot refer to the gradient of the curve,
only to the gradient at a particular part of the curve.
Consi der the curve represented in Figure 16. Note that as
x changes from4 to 6, y rises from2 to 3. Thus there is
arise of ly in 2x. Further along the curve, however, a
change in x from7 to 8 produces a rise of 2y (from4 to
6); here, then, there is arise of 2y in Ix. The slope has
become much st eeper.
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Clearly the gradient is changing as we nove al ong the
curve. How then do we know the gradi ent at any

particul ar point on the curve? Let us | ook nore closely
at just part of the curve, e.g. that represented by
the novenent from7 to 8 on the X axis and from4 to 6
on the Y axis. This part is shown in Figure 17.
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If we join the points x : 7 and y : 6 we get a straight
line with a gradient of 2 in 1. The coefficient of x to
produce a change of |y is thus 2 over this particular
section of the curve (x changes by | and y changes by 2).
Such a section of a curve is usually called an arc.

Now suppose we shorten the distance of this arc by noving
the line to the right until it just touches the curve at

A. Aline that just touches in this way is called a tangent.
The tangent has the sane slope or gradient as our origina
line and we can, therefore, say that this gradient of 2
applies to that Boint of the curve which is identified by
the letter A The tangent neasures the steepness of the
curve at A i.e. the rate at that point at which the value
of y is changing in relation to x.

It is difficult to obtain an accurate neasurenent by draw ng
a tangent but it is often sufficient to be able to find a
rough estinmate of the steepness and direction of the sl ope.
In practice, if we know the equation of a curve we can
apply the mat hemati cal technique of differential calculus
to find out the gradient, or rate of change, at any point
al ong that curve

LORENZ CURVE:

A long curve is a graph, where both the x and y axes are
expressed as a percentage, e.g.

100
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ond may be a straight iine (I) or a curve (2)w Note this
graph will always start at O and finish at | OCL

REVI SI ON QUESTI ONS:

1.

6.

Draw the graph of y z 3t gi-for values at x from-2 to 5.
Use the graph to estimate the value of y when x is 4 and
check your answer by calculating the value of y fromthe
equat i on.

Draw the graph of vy : -4t % for values of x from-3 to 6.
What is the value of y when x : 07?

Expl ain what is nmeant by interpolation froma graph. ch
does this differ froma projection?

VWich is the coefficient of x in the foll ow ng equation:
y:1Gi-"g-)E?

What woul d be the general shape and direction of the graph
produced by the equation?

y : 20 - g5 ?

VWi ch of the followi ng equations would you expect to
produce a |inear curve:

y . at 2x2

y . a - 4x

y : a- x37?



above.

VWen x @ 4y

5% fromthe graph.

his also is the sane as we cal cul at ed
y : 3

2X

3

for values of x : -2 to 5
QUESTI ON 1:

M

Nu

3T»W303T»®"3230

S| MPLE GRAPHS.
PAGE 38.



PAGE 39.

SI MPLE GRAPHS

QUESTI ON 2:

for values of x from-3 to 6.
a

|

i):

5

Graph of y : -4

-10123456

-2

X : -3

4.17,v 411v;

ur v;

er? 11

Tl f

-4 4x

GRAPH CF vy :

Fromthe graph it can be seen that when x : oy z -4.
QUESTI ON 3:

Can be answered by referring to the lecture.
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QUESTI ON 4:

yl e’ ng
5

The coefficient of x is -

9

QUESTI ON 5:

The general shape would be a straight Iine sloping downwards to the righl
QUESTI ON 6:

y : a - 4x would produce a |linear curve

RRC 15 393
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